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Can’t get enough

Algorithms
28.09.2016 - Due on Wed. 5/10 before 16:15

A
You are asked to complete the exercise marked with a [⋆] and to send me your solutions at:

nicolas.schabanel@cnrs.fr

(or drop it in my mail box on the 4th floor) onWed. 5/10 before 16:15.

■ Exercise 1 (Randomized rounding for Set-Cover (⋆)). Consider the following prob-
lem (Set-Cover): Given an universe U = {u1, . . . , um} of m elements, a collection S =
{S1, . . . , Sn} ofn subsets ofU such that

∪n
i=1 Si = U, and positive weights (wi) on eachSi,

find a subcollection C ⊂ S covering U (i.e. such that
∪

Si∈C Si = U) with minimum weight
w(C) =

∑
Si∈C wi.

We consider the following linear relaxation for Set-Cover:


Minimize

∑n
i=1wixi

such that (1)
∑

i:uj∈Si

xi ⩾ 1 (∀j ∈ {1, . . . ,m})

(2) 1 ⩾ xi ⩾ 0 (∀i ∈ {1, . . . , n})

▶ Question 1.1) Show that this linear program (which can be solved in polynomial time in n
andm) is a relaxation of Set-Cover. Show that the constraints 1 ⩾ xi can be waived (i.e. that
removing them does not change the optimal solution of the linear program). What is the trivial
relationship between OPTLP (the optimal value of the linear program) and OPT (the weight of
an optimal set cover)?

Now assume that we have obtained an optimal fractional solution (x∗i ) to the linear pro-
gram. We nowwant to transform it into a proper set cover. A natural approach is to interpret the
x∗i as the probability that Si belongs to the aimed optimal subcollection. Let us denote byC a
random subcollection obtained by putting each Si inC independently with probability x∗i .

▶Question 1.2) What is the expected weight ofC?

▶ Question 1.3) Fix some uj ∈ U. Show that the probability that uj is not covered byC (i.e.
that uj ̸∈

∪
Si∈C Si) is at most 1/e.

▷ Hint. Use that
∏

k(1− ak) ⩽ e−
∑

k ak for all ak ⩽ 1.

We now consider the following algorithm:
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Algorithm 1 Randomized rounding for Set-Cover

1: Let x∗i be an optimal solution to the linear program. Let ℓ := 0.
2: repeat
3: Set ℓ := ℓ + 1 and Draw a random collection Cℓ by selecting each Si in Cℓ inde-

pendently with probability x∗i .

4: until
ℓ∪

k=1

Ck coversU.

5: Set T := ℓ and output the collection Γ :=
T∪

k=1

Ck .

Note that the variable T (line 5) stands for the random variable for the number of random
collections successively computed by the algorithm. Since all the Ck ’s are independently and
identically distributed as C in question 1.2, and since T only depends on C1, . . . , CT , Wald’s
equation (admitted) ensures that

E[w(Γ)] ⩽ E[w(C1) + · · ·+ w(CT )] = E[T ] · E[C].

We are thus now left with estimatingE[T ].

▶Question 1.4) Show that: for all k, Pr
{
∃j, uj is not covered byC1 ∪ · · · ∪ Ck

}
⩽ m

ek
.

▶ Question 1.5) Show that: Pr
{
T > ⌈lnm⌉ + t

}
⩽ e−t, for all t ⩾ 0. Conclude that:

E[T ] ⩽ lnm+O(1).

▷ Hint. Use that E[X] =
∑

n⩾0 Pr{X > n} for every non-negative integer-valued random
variableX . And decomposeE[T ] according to the events {T ⩽ lnm} and {T > lnm}.

▶Question 1.6) What is the running time of our algorithm (excluding the resolution of the lin-
ear program)? Give an upper bound on the expectedweight of its output. What is its approxima-
tion ratio?
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