
HW2.
.MPRI 2.11.1

Can’t get enough
Algorithms

25.09.2014 - Due on Sunday 11.10 before mid-
night

A
You are asked to complete the exercise marked with a [⋆] and to send me your solutions at:

nicolas.schabanel@liafa.fr
(or drop it in my mail box on the 4th oor) on Sunday 11.10 before midnight.

� Exercise 1 (Dumb algorithm for Max-SAT). Consider the following algorithm for Max-SAT:
Let τ be an arbitrary instantiation of the variables and τ ′ the complementary instantiation (each
variable is true in τ ′ if and only if it is false in τ ); compute the total weight of the clauses satis ed
for τ and for by τ ′ and output the best of these two instantiations.

IQuestion1.1) Show that this algorithm is a 1
2 -approximation forMax-SAT, andexhibit a tight

instances family.

� Exercise 2 (Rounding algorithm for Set-Cover). Given a universe of m elements
U = {e1, . . . , em} and a collection of n subsets S1, . . . , Sn ⊆ U with positive costs
c1, . . . , cn, nd a minimum cost set cover C , i.e. a C ⊆ {1, . . . , n} such that U = ∪i∈CSi

and with minimum cost where cost(C) =
∑

i∈C ci. We denote by f = maxj #{i : Si ∋ ej}
themaximum frequency of an element in the collection of sets.

I Question 2.1) Show that the following linear program is a relaxation of the Set Cover prob-
lem:

(LP )


Minimize

∑n
i=1 cixi

such that (1) (∀j)
∑

i:Si∋ej

xi > 1

(2) x1, . . . , xn > 0

We consider the following rounding algorithm:

Algorithm 1 Rounding algorithm for Set Cover

Solve the relaxation (LP ) and let x∗ be an optimal solution.
Select in C all sets Si with x∗i > 1

f .

IQuestion 2.2) Show that it is a f -approximation.

� Exercise 3 (Randomized rounding for Set-Cover). Consider the following problem (Set-
Cover): Given an universeU = {u1, . . . , um} ofm elements, a collection S = {S1, . . . , Sn}
of n subsets of U such that

∪n
i=1 Si = U, and positive weights (wi) on each Si, nd a

subcollection C ⊂ S covering U (i.e. such that
∪

Si∈C Si = U) with minimum weight
w(C) =

∑
Si∈C wi.
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We consider the following linear relaxation for Set-Cover:
Minimize

∑n
i=1wixi

such that (1)
∑

i:uj∈Si

xi > 1 (∀j ∈ {1, . . . ,m})

(2) 1 > xi > 0 (∀i ∈ {1, . . . , n})

I Question 3.1) Show that this linear program (which can be solved in polynomial time in n
andm) is a relaxation of Set-Cover. Show that the constraints 1 > xi can be waived (i.e. that
removing them does not change the optimal solution of the linear program). What is the trivial
relationship between OPTLP (the optimal value of the linear program) and OPT (the weight of
an optimal set cover)?

Now assume that we have obtained an optimal fractional solution (x∗i ) to the linear pro-
gram. We nowwant to transform it into a proper set cover. A natural approach is to interpret the
x∗i as the probability that Si belongs to the aimed optimal subcollection. Let us denote byC a
random subcollection obtained by putting each Si inC independently with probability x∗i .

IQuestion 3.2) What is the expected weight ofC?

I Question 3.3) Fix some uj ∈ U. Show that the probability that uj is not covered byC (i.e.
that uj ̸∈

∪
Si∈C Si) is at most 1/e.

◃ Hint. Use that
∏

k(1− ak) 6 e−
∑

k ak for all ak 6 1.

We now consider the following algorithm:

Algorithm 2 Randomized rounding for Set-Cover

1: Let x∗i be an optimal solution to the linear program. Let ℓ := 0.
2: repeat
3: Set ℓ := ℓ + 1 and Draw a random collection Cℓ by selecting each Si in Cℓ inde-

pendently with probability x∗i .

4: until
ℓ∪

k=1

Ck coversU.

5: Set T := ℓ and output the collection Γ :=

T∪
k=1

Ck .

Note that the variable T (line 5) stands for the random variable for the number of random
collections successively computed by the algorithm. Since all the Ck ’s are independently and
identically distributed as C in question 3.2, and since T only depends on C1, . . . , CT , Wald’s
equation (admitted) ensures that

E[w(Γ)] 6 E[w(C1) + · · ·+ w(CT )] = E[T ] · E[C].

We are thus now left with estimatingE[T ].

IQuestion 3.4) Show that: for all k, Pr
{
∃j, uj is not covered byC1 ∪ · · · ∪ Ck

}
6 m

ek
.

I Question 3.5) Show that: Pr
{
T > ⌈lnm⌉ + t

}
6 e−t, for all t > 0. Conclude that:

E[T ] 6 lnm+O(1).

◃ Hint. Use that E[X] =
∑

n>0 Pr{X > n} for every non-negative integer-valued random
variableX . And decomposeE[T ] according to the events {T 6 lnm} and {T > lnm}.
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IQuestion 3.6) What is the running time of our algorithm (excluding the resolution of the lin-
ear program)? Give an upper bound on the expected weight of its output. What is its approxi-
mation ratio?

� Exercise 4 (Weighted sum of completion times with dependencies [⋆]). Given a set of n
jobsJ1, . . . , Jnwithprocessing timesp1, . . . , pn > 0, a scheduling is a functions : [n] → R+

is a function that associates to each jobJi a starting timesi. WewriteJi ≺ Jj when jobJi must
be completed before Jj is scheduled (we say that Jj depends onJi).

We say that the schedule is valid if none of the job executions overlap and if all the depen-
dencies are respected: i.e., if, for all i ̸= j , sj ̸∈ [si, si + pi) and (Ji ≺ Jj ⇒ si + pi 6 sj).

We denote by ci = si + pi the completion time of job Ji in a valid schedule s.
We consider the following scheduling problem: Given n jobs J1, . . . , Jn with processing

times p1, . . . , pn, non-negative weightsw1, . . . , wn, and a acyclic set of dependencies≺, nd

a valid schedule that minimizes the weighted sum of completion times:
n∑

i=1

wici.

IQuestion 4.1) Prove the so-called Smith’s rulewhich asserts that an optimal solution when
there are no dependencies, consists in scheduling the jobs by non-increasing ratioswi/pi.

◃ Hint. Evaluate the effect of the exchanging two jobs.

Let us now consider the case of general (acyclic) dependencies. Note that the non-
overlapping constraints (i ̸= j ⇒ pj ̸∈ [si, si + pi)) are not linear, we thus design the
following constraints to approximate them:

IQuestion 4.2) Show that in every valid schedule, we have
n∑

i=1

pici >
n∑

i=1

pi

i∑
j=1

pj .

◃ Hint. Apply Smith’s rule to the following instance with no dependencies andmodified weights
w′
i = pi, and remark that for this instance, the order of the jobs does not matter.

IQuestion 4.3) Show that in every valid schedule, we have:

∀A ⊆ {1, . . . , n},
∑
i∈A

pici >
1

2

∑
i∈A

p2i +
1

2

(∑
i∈A

pi

)2

◃ Hint. Remark that:
n∑

i=1

pi

i∑
j=1

pj =
1

2

n∑
i=1

p2i +
1

2

( n∑
i=1

pi

)2
.

Consider the following linear program with an exponential number of constraints. We de-
note by yi the variable associated with the completion time of job Ji.

Minimize
n∑

i=1

wiyi

subject to (1) (∀A ⊆ [n])
∑
i∈A

piyi >
1

2

∑
i∈A

p2i +
1

2

(∑
i∈A

pi

)2

(2) (∀Ji ≺ Jj) yj > yi + pj

(3) (∀i ∈ [n]) yi > 0

I Question 4.4) Show that this linear program is a relaxation of the Weighted Sum of Com-
pletion Time problem (i.e., that one can map every solution of the WSCT problem to a feasible
solution of the linear programwith the same cost).

Let OPTLP denote the optimum objective cost of the linear program, how do OPT and
OPTLP compare?
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One can show that the extremal solutions to this program de ne optimal valid scheduling
in absence of dependencies, but this is no more the case with dependencies.

Even if the linear program has an exponential number of constraints, it can be solved in
polynomial time using the ellipsoïd algorithm because one can design a separation oracle for
it, i.e. an algorithm that checks in polynomial time if a solution is feasible (i.e., satis es all the
constraints), and outputs a violated constraint if it is not feasible.

IQuestion4.5) Describea separationoracle for this linear program. Show that it runs in poly-
nomial time.
◃Hint.For constraints (1), sort the job innon-decreasingyi−pi orderand showthat if constraint
(1) is violated for some setA, then it is violated by the set {1, . . . ,maxA}.

Consider the following algorithm: let y∗ be an optimal solution to the linear program;
y∗ does not de ne a valid schedule in general, but consider the schedule s obtained by schedul-
ing the tasks in non-decreasing y∗i order (ties are broken arbitrarily).

IQuestion 4.6) Show that all the dependencies between jobs are satisfied in s.

Without loss of generality (just renumber the jobs if needed), assume that y∗1 6 . . . 6 y∗n.

IQuestion 4.7) Show that for all i, y∗i > 1

2
ci.

IQuestion 4.8) Conclude that this algorithm is a 2-approximation.

IQuestion4.9) Exhibit a family of tight instances for the integrality gapof the linear program.

◃ Hint. Consider n jobs J1, . . . , Jn with unit processing time with dependencies: Ji ≺ Jn for
all i < n; and weights: w1 = · · · = wn−1 = 1 andwn = M . Study the solution y1 = · · · =
yn−1 =

n+3
2 and yn = n+5

2 for large enough values ofM .

Assumenowthat every jobJi is releasedat some timeri > 0andcan thusnotbe scheduled
before ri.

IQuestion 4.10) Modify the linear program to include these new constraints.

IQuestion 4.11) Propose an algorithm that construct a valid schedule for the Weighted Sum
of Completion Times with Release Dates problem.

IQuestion 4.12) Show that this algorithm is a 3-approximation.
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