From MELL Proof-Nets to
Explicit Substitution Calculi
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The Alxr-calculus

(Terms) tu:= x variable
Ax.t abstraction
tu application

t{x/ul substitution
W.(t) weakening
CY(t) contraction

Free Variables:

fv(x) = {x} fv(Ax.t) = fv(@) \ {x}
fv(tu) = fv(r) Utv(u) fv(t[x/ul) = (@Ev(@)\ {x}) U fv(u)
tv(W.(0) = () U {x} tV(CT@) = v\ .2H U (x)

We only consider well-formed terms:
m Linearity
m Compulsory presence
m Barendregt’s convention

Notation Given ® C fv(r), R%(#) denotes the renaming of ® by A. Example:
Ry (x1200X3) = Y1y2s.
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Typing Rules for the A1xr-calculus

Avru:B ILx:Brt:A

— (ax) (cut)
X:Arx:A AR tx/ul - A
I'rt:A—> B Aru:A I''x:Avrt:B .
(—e) (=1
I'Avrtu:B I'rAxt:A—> B
ILx:B,y:Brt:A I'rt:A
- © (w)
ILz:BrC.;7(1): A ILx:BrW(1): A

where I', A is only defined if I" and A do not share variables.
Notation We write I' k14 2 : Aif '+ 7 : A is derivable in this system.

Remark IfI' k4 2 : A, then fv(r) = dom(T').
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Congruence |

AC of contraction:

CUCP M) = CP(CP@)  dtxyy
) = 0
CAEC ) = OO W) TxEy. &X # iz

C of weakening:

Wx(Wy (0)=Wy(W(D))
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Congruence Il

Commutativity of substitutions:
tlx/ully/v] = tly/vilx/ul it y & fv(u) & x ¢ fv(v)

Contraction and substitution have the same status:

Cr(O[x/ul = CL*(tlx/ul) if x £ w & y,z ¢ fv(u)
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Reduction Rules for the A1xr-calculus

B)  Ax.t)u— t[x/u]
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SubSystem x

(Abs)
(Appl)
(App2)
(Var)
(Weak1)
(Weak2)

(Contl)

(Comp)

(Ay.0)[x/u]
(t v)[x/ul
(tv)[x/ul
x[x/u]
Wi(Olx/u]
Wy(®lx/ul
CY (1)l x/u]

tly/vi[x/ul

Lilllll

8

Ay.t[x/u]

tlx/vlv if x € fv(r)
tvix/u] if x € fv(v)
u

va(u)(t)

Wy (tlx/ul) ifx#y
Cy(tly/ur 2/ u2])

where @ := fv(u)

ur = R®(u) and uy = R} (u)
tly/vlx/ull if x € fv(v)


www.irif.fr/~kesner

SubSystem t

(WAbs)
(WAppl)
(WApp2)
(WS ubs)
(Merge)
(Cross)
(CAbs)
(CAppl)
(CApp2)
(CSubs)

Ax.Wy(1)
Wy(u) v

u Wy(v)
t[x/Wy(w)]
CE(Wy(0)
CE (WD)
Ch¥(Ax.0)
ChA(t u)
ChA(t u)
Cyf(tlx/u)

R

Wy(Ax.t)
Wy(uv)
Wy(u v)

Wy (t[x/u])
R0
WL(C ()
Ax.CLN(0)
Ch (D u

1 CY(u)
1lx/C W)

X*Yy

X#+Yy, X#2

v,z € fv(t)
v,z € fv(u)
v,z € fv(u)
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The reduction relation A1xr

The reduction relation is generated by the previous rewriting rules and congruence
axioms (which are closed by all contexts):

t =g PiffA, bt =1 —pigee =1
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Example

(AW, (C ) w

W (CY*(y 2)[x/w]

W,(CY(y 2)[x/w])
W(CP" (v Dy /willz/w2]))
W(CP" ((ly/wi] Dlz/w2]))
W(CP" (ly/w1] zlz/w2]))
W (CP" (wy z[z/w2)))

W (CP"2 (wy wy))

A A A
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Properties of the A1xr-calculus

(Full composition) t[x/v] =* #{x = v}
for an appropiate notion of meta-substitution and even when ¢ contains
non-evaluated substitutions

(Free variables are preserved) If t — 15 t', then fv(¢) = fv(¢')
(Subject reduction) f T kpyxe t: A€t t =5 £ thenT ki 0 Al

(Convergence) xt = x U t is convergent (terminating and confluent).
Which is the form of a term in xt-normal form?
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Connexion with A-calculus

B() hides resource control
B()
—

Alxr /l

A
H

A() introduces resource operators
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From Alxr to A

B(x)
B(Ax.t)
BW.(1)
B(CY (1)
B(t u)
B(t[x/ul)

X

Ax.B(t)

B(1)
B){y\xHz\x}
B(r) B(u)
BO{x\B(w)}
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Relating A1xr and 4

Lemma
If M = N, then B(M) = B(N).
IfM —g5 N, then B(M) —>/’; B(N).
If M —4. N, then B(M) = B(N).

Proposition [Projecting Alxr-reductions] M — 1, N, then B(M) -5 B(N).
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From A to Alxr

A(x) = x
_f axAD if x € fv(1)

Aldxn = { AW (AWD)  if x ¢ (1)

Ay = CYM(RY(AD) RE(AW)))  if @ := fv(r) N fv(u) # O (A, I1 are fresh)
’ A A(u) if fv(r) Nfv(u) = 0

Example A(Ax.yy) = /lx.Wx(C;’Z/ (z7))
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Relating 4 and Alxr

Lemma
For all A-terms t and u such that x € fv(t), we have

Cy (RY(AD)[x/RE(AW)]) =5 Alt{x\u})

where @ := (fv(¢) \ {x}) N fv(u).

Proposition [Simulating S-reductions]
Ift—p ¢, then AWM= s1xr Wivinive) (A()).

Example = (Ax.y)z =5 y =t and A@) = (Ax.W,())z—=" 1xr W(AG)).
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Connexion with A-calculus (Summary)

B() hides resource control

B0
—

t =% Wn(AB))) ALxr /l t = B(A(®))
20

A() introduces resource operators

Example 1= (Ax.W,(0)W,(Z) =% W((Ax.W,(y)Z) = W (AB())).
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Confluence

Lemma
The xt-normal form of t is va(t)\fv(g(,))(ﬂ(s([))).

Example Let s = Cy"?((Ay.x; (xa Wy(2))) Wi(w)). Then
xt() = Wi((Ay. Wy (Cy72 (21 (x2 2)))) w).

Theorem (Confluence modulo)
The reduction relation A1xr is confluent (even on terms with meta-variables).
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More Properties of the A1xr-calculus

(Preservation of typing)

IfT ka £ Athen T Faixe Waommtvin (AWD) 1 A
T Fpxr t: AthenT y B() : A

(PSN) If M € S NP then A(M) € S N,

breaks Mellies’ counter-example of non-termination
(with ¢[y/v][x/u] — t[y/v[x/ull if x & 1)
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Strong Normalization and Proof Nets

(Call-by-Name) Translation of Formulae

+

L = L
(A= B* = %A ySB*
A- = (A

Translation of Derivations
LetI'=x; : By,...,x,: B,. ThenT k14 ¢ : A translates to a MELL Proof-Net written
(" ¢ : A)° with interface ?I'", A*, where ?I'"" means ?By,..., 7B,
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Translating (ax)

Original derivation:

—(ax)
x:ArFXx:A
Sequent Translation:
FATAY
AT, A"
Proof-Net Translation:
A~ At
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Translating (— e)

Original derivation:
I'tt:A—>B Aru:A

I Avrtu:B e
Sequent Translation:
i.h.
F2A™, A"
i.h. A7, 1A + B~ ,B*
FT,2A7 9B FIA, AT ®@ B, A"

FI,2A7, B*
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Proof-Net Translation:

?2AT9BT M-

cut
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Translating (— i)

Original derivation:
Ix:Avrt:B
— (=)
I'kAxt:A— B
Sequent Translation:
i.h.
FI,2A7, B*

FL,2A"9B"

,x:Art:B)°

Proof-Net Translation:
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Translating (cut)

Original derivation:
Aru:B T,x:Bri:A

(cut)
AT Fix\ul: A
Sequent Translation:
ih.
F?A”, B* i.h.
F?A”, \B* FA,2B7,A"

FIA™, T, A
Proof-Net Translation:

A" BT M

( (C,x:Bri: Ay ) i ( (AFu:By

cut
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Translating (c)

Original derivation:
ILx:B,y:Brt:A

Iz:BrCHP():A

(©)
Sequent Translation:
0,787,787, A"
F,2B7,A"

(@xiyBriay)

1 1
B~ 7B

Proof-Net Translation:

n- B~ A*
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Translating (w)

Original derivation:
F'rr:A

—_— W)
ILx:BrW/(1): A

Sequent Translation:
FA,AY

FT,2B7, A"
Proof-Net Translation:

C Trr:A)°

7B~ n- A*
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Simulating A1xr with Proof Nets

Theorem (Soundness)

Alxr is sound w.r.t proof-nets:
T Faxe 12 A, thent -y uimplies (U baxe 11 A)° =g (ki u 2 A

The proof uses the following property:

Lemma

Lett,u be a Alxr-typed terms s.t. I' ke t: A @nd T v 15 2 A.
m lft=uthen(Trit:A)P° =~ (C+u:A".
mIft - u thenTr1t:A) > g (TFu:A).
B Ift >3 u, then(Tri1: A _’;z/s Tru:A°.
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Corollary of the Translation

Theorem (Strong Normalisation)

The relation — 14, is strongly normalising on well-typed A1xr-terms:
ifT g t 2 A, thent € SN(ALxr).

Proof.

Using the previous lemma, the termination property of the relation xt and SN of
_>‘R/8 .
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Towards completeness

m Define a congruence = for proof-nets.
m Define a congruence = for A1xr-terms.
m Showthat Tr1 : A =7+ 1, : A') implies 1; = 1.
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Summary

The Alxr-calculus is a computational interpretation of natural deduction plus cut and
structural rules enjoying the following properties:

m Confluence on all the terms.

Simulation of one-step g-reduction.
Preservation of 8-strong normalization.

Strong normalization of well-typed terms.

Full and safe composition.

Sound and complete with respect to proof-nets.

Explicit operators for implementation issues.
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