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Type Systems for Explicit Substitutions - Definitions

Capital greek letters I', A, 1, . . . are used to denote finite contexts, defined as partial
functions from variables to types.

m Alternative notation for contexts: x; : A,...,x, : A,.
m Domain of contexts: dom(I') = {x | I'(x) defined}.
= Union of contexts:
I'(x) if x € dom(I') & x ¢ dom(A)
) A if x ¢ dom(I') & x € dom(A)
CUA) = A(x) if x e dom(') & x € dom(A) & and I'(x) = A(x)

undefined otherwise

m Union of disjoint contexts: I', A :=T' U A when dom(I') N dom(A) = 0.
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Simple Types for Explicit Substitutions - Addivite System

(axiom)
X1 AL X AR XA

I'x:Avt:B . I'tt:A—>B Tru:A .
(— intro) (— elim)
I'-Axt:A—> B I'rtu:B

I'ru:B T,x:Brt:A
'k tx\u]: A

(cut)

Notation We write '+, r: Aif ' ¢ : A is derivable in this system.

Remark IfI"+, ¢ : A is derivable, then fv(r) C dom(I').
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Simple Types for Explicit Substitutions - Multiplicative System

I'rt:A—- B Aru:A

—(ax) e
X:AFXx:A TUAFrtu:B = ®
ILx:Avrt:B . F'rr:B x¢ftv(r) )
(— i1 (— i2)
I'Axt:A— B I'rAxt:A—> B

I'ru:B A x:Brt:A
TUAFR[x\u]:A

(cutl)

IF'ru:B Avrt:A x¢tv()
TUAFR[x\u]:A

(cut2)

Notation We write '+, r: Aif ' - ¢ : A is derivable in this system.

Remark IfI" +, ¢ : A, then fv() = dom(D).
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Relating the Additive and the Multiplicative System

Lemma
IfT +yt: A, thenTley Fu t @ A.

Lemma
T rut: A, thenT o 1: A.

Exercise:
Give a typing derivation for the term Aw.(xy)[x\a][z\b] in the additive as well as in the
multiplicative system.
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Reduction Preserves Types

Theorem (Subject Reduction)
mIfTrt:Aandt —pn ', thenT 1 1 Al
mIfTryt:Aandt - ', thenT” by t' 1 A forsomeI” CT.

Proof.

The proof of the first point is by induction on t — 5, #'. The proof of the second point
uses the following property:

Lemma: LetI'+, 7 : A.
mlfr=uthenl Hyu: A
W If t —agvarargauw U, then T by u: A,
mlft —g u, thenl” by u: Aforsomel” €T
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Strong Normalisation

Lemma
mIfl,x:Brat:A T ryu: B,andt,u € SN(Apn), then t{x\u} € S N(1pn).
B IfI,x:Bryt:A Aryu: B, andt,u € SN(Apn), then t{x\u} € S N(Apn).

Proof.

Induction on the lexicographic 3-tuple (B, npn(2), 1), Where 1,,n(f) denotes the maximal
length of an Apn-reduction sequence starting at ¢. The proof also uses subject
reduction.
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SN for Apn

Theorem (SN for Apn)
m IfT+,t: A, thent € SN(Apn).
m IfT"H,t: A, thent € SN(Apn).

Proof 1: Induction on typing derivability and previous lemma using ISN.
Proof 2: Using Intersection Types.
Proof 3:

m Define a translation T from Apn to A by unfolding substitutions.
m Show that 7 typable implies T(¢) typable in A-calculus.
m Apply SN Theorem of A-calculus to get T(z) € S N(B).
m Conclude T(r) € S N(1pn) by PSN.
m Since T(¢) —*  t,then € SN(Apn).
Proof 4: In a few more slides

*
Apn
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Principles of the Translation

(Call-by-Name) Translation of Formulae

+

L = L
(A— B)* := A Yy$B
A = (AN)*

Observation:
m (2(A7)9BY)t =1A*® B.
m (2A7)t =14,

Translation of Derivations
LetI'=x;:By,...,x,: B,. ThenT +, t : A translates to a MELL Proof-Net written
(" + ¢ : A)° with interface ?I'~, A*, where ?I'"" means ?By,..., 7B,
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Alternative Multiplicative Presentation of Simple Types for Explicit
Substitutions

ryimrt:A—-B T, ITyuru:A T#,

— (@) e
X:Arx:A I, I,Iyvrtu:B ( )
Ix:Avrt:B ) I're:B x¢fv(@) )

(— i1 (— i2)
' Axt:A— B I'rAxt:A—> B

I,ITwru:B T, Ty,x:Brt:A T#L,
Uy, T Ftlx\ul - A

(cutl)

r,,I'yvru:B T, Tyuvrt:A x¢ftv@) T H#HD,
Uy, Ftlx\ul - A

(cut2)
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Translating (ax)

Original derivation:

—(ax)
x:ArFXx:A
Sequent Translation:
FATAY
AT, A"
Proof-Net Translation:
A~ At
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Translating (— e)

Original derivation:

[Twbri:A—B ToTuru:A THL,

(=9
I, I, I.rtu:B
Sequent Translation:
i.h.
R, M, AT
ih. FL,, 2, AT r BB
FL,, M, 2AT8B* +l,, M, 'A*® B, B*
FT, 20, T, o, BT

- pt
> B

O, T, T
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Proof-Net Translation:

T, Twrt:A— By

2498 M, M,
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Translating (— il)

Original derivation:
I'x:Avrt:B

— (> i)
I'rAxt:A—>B

Sequent Translation:
i.h.

FT,?A7, BT
FL,2A79B"

,x:Art:B)°

Proof-Net Translation:
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Translating (— i2)

Original derivation:
I'rt:B x¢fv()
(—

I'rAxt:A—> B

i2)

Sequent Translation:
i.h.

FT,B"
FT,?2A7, B
FT,2A79B"

Proof-Net Translation:
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Translating (cutl)

Original derivation:
I',Twuru:B I,Tu,x:Brt:A T #C,
ruvrt’ l—‘tu [ [[X\”] : A

(cutl)

Sequent Translation:

i.h.
v, M, BY i.h.
R, M, 1B v, M, 2B, A"
FOT,, M, M, AT

- A+
fu’A

R, T, T
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Proof-Net Translation:

( (T, Ty x: B 1: A )i
T ] | |

VA): S m;,

cut
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Translating (cut2)

Original derivation:
r,ryru:B T, T,rt:A THL, x¢fv()
Tl Ftlx\u] - A

(cut2)

Sequent Translation:
i.h. i.h.
R, M, B ) )

> !) 11754
FOC, T, 1B FOr, T, 2B, A"

> u

R0, 0, M, M, AT

> >

T, T, M, AT

tu?
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Proof-Net Translation:

( (T T k12 A ) !
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Salient Features

m Arguments of applications are translated to boxes.
m Arguments of substitutions are translated to boxes.
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Translating Apn-Reduction to PN

Theorem

LetT vy t: A andt —,n u. Consider the derivationT” v+, u : A (for some I’ C T') giving by
the subject reduction property. Then (' + t : A)° — " W[’ +n u : A)°] for some
MELL-context W made only of weakenings.

The proof uses the following property:

Lemma
LetT'tpt:Aandt — uandI” +, u: A as in the statement of the theorem.
mlft=uthenTrt:A)° ~ T ru:A°.
m Ift > u, then(Trt:A)° > copoc T Hu:AP.
B Ift >y u, then(Tr1:A)° > capcw CFu:A).
mIft —qu thenTrt:A)° =% cpp TrHu:AC.
W Ift =apu, thenTrt:A)° 5% cep T Fu:A).
B Ift—gu then(Trt:A)° > cppmwbw-e WII Fu: AL
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Corollary of the Translation

Theorem (SN for Apn)
IfT vyt : A, thent € SN(Apn).

Proof 4: using the previous theorem and SN of —g/s .
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The notion of o-equivalence in A-calculus

AxAyuw)yy =, Ay.(Axuw)y ify¢fv@)
(Ax.uv)t =, ((Axwpy ifx¢fvy)

Lemma
Ift=,1t,thent=g1¢. J

Theorem (Regnier'90)
Ift =, t', then ng(t) = n(t'). J

Theorem
Ift=,t,thent andt translate to the same MELL Proof-Net (modulo multiplicative cuts). J
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The notion of o-equivalence for calculi with ES

Recall the relation = on Apn-terms:

Ayw)x\v] =  Ay.ulx\v] if y ¢ fv(v)
(tu)[x\v] = tx\v]u if x ¢ fv(u)
th\ullx\vl = tx\vly\u]l ifx ¢ fv(u),y ¢ fv(v)
Theorem
Ift =1, then npn(t) = apn(t). J

Theorem
Ift=v, thent andt translate to the same MELL Proof-Net (modulo multiplicative cuts). J
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Summary

The Apn-calculus is a computational interpretation of Natural Deduction plus cut enjoying
the following properties:

Full composition.
Confluence on terms.
Confluence on open terms.

Preservation of g-strong normalization.

[
[

m Simulation of one-step B-reduction.

|

m Strong normalization of well-typed terms.
|

Admits a (fine-grained) translation into MELL Proof-Nets.
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