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The A-Calculus

Terms : tbu=x|Ax.t|tu
Contexts: C:=0| Ax.C|Ct|tC

m We use fv(7) (resp. bv(z)) to denote the set of free (resp. bound) variables of .

m We work modulo alpha-conversion (renaming of bound variables) generated by the
equation: Ax.t = Ay.f{x\y} where y is fresh.

m C(r) denotes the context C where the hole O has been replaced by ¢. Possible
capture of free variables, e.g. (Ax.0){x) = Ax.x.

m C{r) denotes the context C where the hole O has been replaced by ¢ without
capturing any free variables. e.g. (Ax.0){y) = Ax.y.
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The A-Calculus - Operational Semantics

m Only one rewriting rule:
(Ax.t) u g t{x\u}

where {x\u} is a meta-level operation simultaneously replacing all the free
occurrences of x in ¢ by u.

m The reduction relation —4 is generated by the closure of —; by all contexts C.

Alternative Definition:

t—>ﬁM t—>ﬁu l—>/;bt

(Ax)u—p t{x\u}  Axt —p Axu  tv o uv vt —pg vu

Both definitions are modulo alpha-conversion.

Lambda-Calculus is Turing complete.
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Examples

Erasing case: (Ay.x)z = x

Duplicating case: (Ayyy)z —=p 2z

Non-terminating case:  (ly.yy)(dy.yy) =g (Ay.yy)(Ady.yy) =5 ...

Contextual case: AZ(AxY)II) =5 Az.(Axy)I —5 Azy

where I = Az.z.
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The A-Calculus - Simple Types

Types: A::=t|A—> B

(axiom)
X AL X, AL E XA
I''x:Avt:B . I'tt:A—>B Tru:A .
(— intro) (— elim)
I'-Axt:A—> B I'ttu:B

m The axiom uses weakening.

m The application rule is additive.

m We denote by I' -, 7 : A the corresponding derivability relation.
m Aterm tis (simply) typable if there exists a derivation '+, 7 : A.
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Some Salient Remarks about Simply Typed Lambda-Calculus

m Typical Curry-Howard interpretation.

m Provides only monomorphic information.

m Lack expressivity power but typability is decidable.

m Typability IMPLIES Strong Normalization, but the converse does not hold.

E.g. the term Ax.xx is not typable
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The A-Calculus - Some Typical Meta-Properties

Theorem (Confluence)

Ift —>[§ uandt —>;; v, then there is ' such that u —>[’; t andv —»;; .

Theorem (Subject Reduction for Simple Types)
IfTryt:Aandt —g ', thenT ;' : A.

Theorem (Strong Normalization)

IfT ryt: A, thent € SN(B), i.e. there is no infinite B-reduction sequence starting at t
(every B-reduction sequence starting at t terminates).
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General Picture

A-calculus = intermediate language = MELL Proof-Nets

m MELL is an extension of Linear Logic being able to capture the lambda-calculus.
m Weakening and contraction are handled in an explicit way.
m Interesting expressive power.

The intermediate language:
m Lambda-terms with explicit substitutions + axioms + reduction rules
m Explicit management of resources (erasure and duplication)

m Different alternatives: A-calculus, Linear Substitution Calculus, Aex-calculus,
Apn-calculus, Alxr-calculus, ...
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A First Refinement: the A-Calculus

Syntax:

Terms t,u,v
List Contexts L
Term Contexts C

x| Ax.t| tu | t{x\u]
O | L[x\7]
O] Ax.C|Cr|tC| Clx\t] | t[x\C]

m Free and bound variables (written fv(_) and bv(_) resp.)

m Alpha-conversion:
Ax.t Ay.H{x\y} y fresh

tx\u] Hx\y}y\ul y fresh
m Pure terms: terms without explicit substitutions.

m Notations: C(¢) (possible capture) and C{r)) (capture-free).
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The A-calculus - Semantics

Equations and Rules:

tx\vly\u] = th\ul[x\v] ifx¢ftv(u) &y ¢ fv(v)
L{Ax.t)u —as L{t[x\u]) if no capture of free variables
f[x\u] s Hx\ul

The context L allows reduction at a distance (as in PN).
Capture of variables is avoided by using alpha-conversion.

|
|
m dB (resp. subs) corresponds to multiplicative (resp. exponential) steps in MELL.
m — is the closure by all the contexts of the rewriting rules {dB, subs}.

|

~ is the reflexive, symmetric, transitive, closed by proof-net contexts relation on
proof-nets generated by alpha-conversion and the equation =.

The reduction relation —, is defined as follows:
t >, tiff Aty suchthatr~n— =7
m Example:
(Az.Ax.xx)wy —ag (Axx0)[z\wly =gz (O)[X\YI[2\W] = subs OV[Z\W] 2 sups Y-
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Implementing Substitution

At least two ways to implement substitution #{x\u}:
m By induction on the structure of terms.
m By induction on the number of free occurrences of x in ¢.
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Reasoning by Induction on the Structure of Terms

ty\ullx\v] =

L{Ax.t)v a8
ylx\v] Fex
x[x\v] Fex
Ewlx\v] e

(A.D[x\V] ey
fy\ul[x\v]  ex

The Aex-calculus

tx\v][y\ul

L{t[x\v])

y

v

f[x\v]u[x\v]
Ay.t[x\v]
tx\v][y\u[x\v]]

if x ¢ fv(u) & y ¢ fv(v)
if no capture of free variables

if x#y

if x # y & no capture of free variables
if x € fv(u) & and no capture of free variables

m A congruence is generated by the equation = and alpha-conversion. The reduction
relation is gerated by the rewriting rules modulo this congruence (as before).

m Example: (Ax.xx)y —ap (xx)[X\y] —ex X[X\YIX[X\Y] —ex YX[X\Y] 2ex Y-
m No possible translation into MELL PN.

m Condition x € fv(u) in last rule is necessary for termination.
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Reasoning by Induction on Free Variables

The Linear Substitution Calculus

L{Ax.t)u e L{[x\u]) if no capture of free variables
tlx\v] Pgc if x & fv(r)
Clxplx\ul 15 Clup[x\u] if no capture of free variables

Rule 15 implements linear substitution.

The reduction relation is gerated by the rewriting rules modulo alpha-conversion.
Example: (Ax.xx)y =g (x0)[x\y] =15 O0)[x\y] =15 OVIx\Y] —=gc ¥y

No direct translation into (Girard) MELL PN.

Very good rewriting properties (e.g. residual theory).
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The Apn-Calculus

m A calculus with explicit substitutions enjoying good properties.
Full Composition

Confluence on terms and open terms

Preservation of g-Strong Normalization.

Strong Normalization.

m Admits a translation to (Girard) PN.
m Reduction faithfully follows cut-elimination of Girard PN.
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Equivalence

The Notion of Head Context:

H:=0O| Ax.H|Ht | Hx\¢]

The Equivalence:

Ax.t = Ay.{x\y} y fresh
tx\u] = tx\y}y\ul yfresh
H()[x\u] = H{[x\ul]) if x ¢ fv(H) and no capture of free variables

Particular Instances:

Ax.t = Ay.x\y} y fresh

fx\u] = tx\yly\u] yfresh

ty\Wwilx\ul = x\ully\v] ify ¢ fv(u) & x ¢ fv(v)
Ay.Dlx\u]l = Ay.t[x\u] if no capture of free variables
(tv)[x\u] = fx\uly if x ¢ fv(v)
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Reduction

The Notion of Box Context:
B =] fx\O]
Notation:

. ywim ifB =10
Bly\u] ::= { thy\u][x\O] if B =¢[x\O]

The Rewriting Rules:

L{Ax.t)u —d L{t[x\u]) if no capture of free variables

x[x\u] Pvar U

tx\u] Fgc t x ¢ fv(r)

B{vh[x\ul arg  BLV[x\ul) x € fv(v), x ¢ fv(B), no capture of free variables

B{vp[x\ul awp  Blx\ulvdx\u] x € fv(v), x € fv(B), no capture of free variables
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The Reduction Relations pn and Apn

m One-step reduction relation —,, on Apn-terms:

! Pvar gc,arg.dup U I —pm U

I —pn U (1) —pn Cu)

m One-step reduction relation — on Apn-terms:

tHdB,var,gc,arg,dup u r— u

t— u C{ty » Clu)
m Reduction relation —,,, on Apn-terms:

t > ¢ iff A, suchthati=# - 1 =+
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Example

(Az. Ay . Ax.yxx)wuy
(Ay.Ax.yxx)[z\w]uv
(Ay.Ax.yxx)uv
(Axyxx)[y\ulv
(yxx)[x\v]ly\u]

O \ulxx)[x\v]
(uxx)[x\v]
((@x)[x\v]x)[x\v]
((@x)[x\v]x)[x"\v]
((@x)[x\v]x'[x"\v])
((@x)[x\v]v)
((ux[x\v])v)
((@v)v)
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Some Properties

Lemma (Stability of Free Variables)
m Ift = u, then fv(r) = fv(u).
B Ift Sgyarargaw U, then fv(z) = fv(u).
B If1 >4 u, then fv(r) 2 fv(u).
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Full Composition

Definition
A calculus with explicit substitutions R has the Full Composition (FC) property iff

%

t[x\u] —5 t{x\u} for all terms 7, u.

Exercice : Define the operation _{_\_} on Apn-terms and show that Apn enjoys full
composition by showing that #[x\u] =i H{x\u}.

Exercice : Give a variant of Apn not enjoying full composition.
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Computing pn-normal forms

Lemma (Uniqueness of pn)
The system pn is confluent and terminating and thus every term has a unique pn-normal
form, denoted pn(r).

Exercice : Let I = Aw.w. Compute the pn-normal form of the term
Aw.(zz(x[x\aly[y\D])[z\I].
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Purification

Exercice : Define an inductive function proj such that proj(z) = pn().

Let us define proj by induction as follows:

proj(x) = X

proj(tu) = proj()proj(u)
proj(dx.r) = Ax.proj(?)
proj(t[x\u]) := proj(H{x\proj(u)}

Prove that proj(¢) = pn(¢) by induction on ¢.
Exercice : Verify the previous property on Aw.(zz(x[x\a]y[y\b]))[z\I].
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Confluence on terms

Lemma (Projection)
Lett be a Apn-term. Ift = 1, then proj(t) —; proj(r).

Lemma (Simulation)

Lett be apureterm. Ift -4 ', thent—" 0 1.

Theorem (Confluence)
Lett, 11,1, be Apn-terms. Ift =)t andt —) = b, then thereis t; s.t. ty —) . t3 and

¥
5] — 1on 3.
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Confluence on open terms

Open Terms: t,u ::= Xp | x| Ax.t | t u | t[x\u] (A is a set of variables)
For example Ax.X(.,z is an open term.

Theorem (Confluence on open terms)
Lett, t,,t, be open Apn-terms. Ift =%t andt —* t,, then thereis t; s.t. 1 _’an I8

Apn Apn
*
andn, =3, B.

Observe that the following diagram is joinable thanks to equivalence =:

Xix) \WIAZyy [Y\WIT = (A Xy Z ) IVAWT =7 Xy [0\Zyy [\ WY\ W]
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Preservation of Strong Normalization (PSN)

Definition (PSN)
Let O, € O0,. Let R, be a relation on O, and R, be a relation on O,. Then R, is said to
preserve strong normalization of R, iff t € SN(R,) implies t € SN(R,).

Theorem (PSN for Apn)
Lett be a A-term. Ift € SN(B), then t € S N(Apn).
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Discussion

m The design of a calculus with explicit substitution enjoying confluence on open
terms and PSN at the same time was an open open for many years.

m In particular, Ao of Abadi-Cardelli-Curien-Lévy does not enjoy PSN, a result due to
Mellies.
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How confluence on open terms can be lost

Consider the Ax-calculus:

(Ax.H) u —p  tx\u]

Cwlx\v] - @x\v] ulx\v])

y.nlx\v] - Ay.t[x\v] ifx#y&y¢fv(v)
t[x\v] - t if x ¢ fv(r)

x[x\v] - v

Observe that the following diagram is not joinable:

Xy [AZ 1I\W] & (Ax.X () Ziy [Y\W] =" Xy [V\WIAZ [\ W]]
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How PSN can be lost

Consider the Ax-calculus:

(Ax.t) u —p  tx\u]

Cuwlx\vl - @x\Ww]ulx\v])

Ay.nix\v] — Ay.t[x\v] ifx#y&y¢ftv(v)
tx\v] — t if x ¢ fv(r)

x[x\v] — v

Define Axc = Ax U {Comp}, where:
(Comp)  t[x\ully\v] — t[x\uly\vilify ¢ v (r)

The Axc-calculus does not preserve S-strong normalization:
m Define oy = [x\(Ay.w)u] and a,,11 = [x\ua,,]
m Show that uaga,,.1 = ... U@ 1@pes - - .
m Show that ua,,. 1@, =" ... U@, ...

m Show that there is a A-typable term # (thus ¢ € S N(B)) that admits an infinite
reduction sequence in the new system Axc (thus ¢ ¢ S N(1xc)):
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Au(Ax.(Ay.w)u)(Ax" .u)u)
Au.((Ay.w)u)[x\(Ax".u)u]
Au.((Ay.u[x\(AX" .w)u])u[x\(Ax".u)u])
Au.((Ay.uap)uay)
Au.(uao)[y\ua)
Au.(uapay)

LuaQ; ...

LUy ..

710 7%,X 0 2 TN

Luagas ...

LUuQoas ...

L U3 ...

LUQay ...

LUy ...

LUy ...

d

U}J,*
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A Special (Maximal) Strategy for Apn-Reduction...

The strategy ~» on terms is given by an inductive definition.

t st Uy € NFppn t v 1

(Ax.Duuy, ~ tx\ulu,  Ax.t ~> Axt XUplVy, ~> XUupt'v,

u € SN(Apn) ug¢g SN(Apn) u~>u'

iX\ulv, ~ dx\ufvy tlx\ulvy, wo o\’ v,
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... Which is Perpetual

Theorem (Perpetuality)
Ift ~ ¢ andt € SN(Apn), thent € S N(Apn)

m Equivalently 7 ¢ S N(Apn) implies ' ¢ S N(Apn).
m Remark that call-by-name is not a perpetual strategy.
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Inductive Characterisation of S N(Apn)

t,...,t, EISN n>0 ulx\vlt;...t, € ISN n>0
Xty ...t, € ISN (Ax.u)vty ...t, € ISN
u{x\vit;...t, €eISN velISN n=>0 u € ISN
u[x\v]t; ...t, € ISN Ax.u € ISN
Lemma (Inductive Characterization of Strongly Normalizable Terms)
SN(pn) = ISN. J

Proof.
Uses the Perpetuality Theorem. |:|J
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