Determinants and Möbius functions in trace monoids

Christian Choffrut Université Paris VII, Laboratoire d’Informatique Théorique et de Programmation, URA248, Tour 55-56, 2 Place Jussieu,75221 Paris Cedex 05, France cc@litp.ibp.fr

Massimiliano Goldwurm Università degli Studi di Milano, Dipartimento di Scienze dell’Informazione, via Comelico 39, 20135 Milano, Italy goldwurm@imiucca.csi.unimi.it

Abstract

We show that the independence relation defining a trace monoid M admits a transitive orientation if and only if the characteristic series ξ of a lexicographic cross section of M satisfies an equation of the form ξ � Det(Id � X) = 1, where X is a matrix representing the minimum finite automaton recognizing ξ and Id is the identity matrix. This implies that, if the independence relation of a trace monoid M admits a transitive orientation, then any unambiguous lifting of the Möbius function of M is the determinant of a matrix defined by the smallest acceptor of the corresponding cross section.

Keywords: matrices, Möbius function, rational formal series, trace monoids.

1 Introduction

The famous Möbius inversion formula on integer functions has been extended in various ways. This work deals with its extension to trace monoids which are obtained by taking the quotient of the free monoids by a congruence defined by some commutations of the generators. Those were introduced in the late sixties in [3] in order to give a completely combinatorial proof of Mac Mahon’s Master theorem (cf. [9], Chapter XI). They were studied further as a possible model of parallelism by interpreting generators of the monoid as actions and their commutation as independence of actions, cf. [10]. A theory of trace languages has been then developped which extends the classical properties of formal languages. Nowadays, it has grown to a vast autonomous field of research providing rich conjectures and open problems [7].

Let us illustrate the importance of the Möbius function in the theory of traces with an example taken from an enumeration problem. Intuitively, if M is a trace monoid, its Möbius function μ_M is the (Cauchy) inverse of the characteristic function ξ_M of M in the monoid algebra over the ring of integers Z. It just happens that the Möbius function is a polynomial whose monomials can be identified with the cliques of the graph of commutations. Now, if we consider the enumerative image of ξ_M obtained by mapping all indeterminates over one unique indeterminate z, we obtain a rational function f_M (z) over the variable z. The coefficient t_n ∈ Z associated with the power z^n in its Taylor development is the number of traces of a length n in M. Then, from the equality ξ_M = (μ_M )^{−1} we can derive an explicit expression for f_M (z) which allows to give exact and asymptotic expressions for t_n or an estimate of the average number of prefixes of a trace of length n, quantities which are related to the complexity of algorithms for the recognition of rational trace languages [2].

Since a trace monoid M is defined as the image of a free monoid Σ^∗ in the canonical morphism, a general technique used in different contexts when solving some problem on trace monoids is to “lift” its properties in the free monoid, to solve the problem in the free monoid, and then to map it back into the trace monoid. The present work is in the vein of [5] where it was settled the following natural question concerning the lifting of the equality (μ_M )^{−1} = ξ_M : choose for each monomial (i.e., each trace) occurring in μ_M a representative in the free monoid (i.e., lift it) and consider the formal inverse in Σ^∗ of the polynomial thus obtained; can we define some way of selecting the monomials so that this inverse be the characteristic function of a cross-section of M in Σ^∗? The answer is yes if and only if the relations of commutations of the trace monoid can be transitively oriented. This was further refined in [6].

Here we present an interpretation of the lifting of the Möbius function which gives another characterization of the trace monoids whose independence relation admits a transitive orientation.

In order to state our result more precisely, some specific remarks are necessary. First we recall that, given a finite alphabet Σ and an independence relation I ⊆ Σ × Σ, the corresponding trace monoid M is the quotient of the free monoid Σ^∗ by the congruence ≡_I generated by the equations ab = ba such that (a, b) ∈ I. Second, it is customary to represent any finite automaton with a matrix whose rows and columns are indexed by the states Q of the automaton and whose entry in position (p, q) ∈ Q × Q consists of all the letters that take p to q (cf. [8]). We say that such a matrix is a minimal acceptor matrix of a language L if it represents the smallest finite automaton recognizing L. For a matrix of this kind, with entries in a noncommutative ring, a natural notion of determinant can be given as a sum of terms obtained by choosing in the order one entry for each column so that every row is taken exactly once.

Now, given an independence relation I over a finite alphabet Σ and a linear ordering < over Σ, consider the cross section L ⊆ Σ^∗ given by the set of all maximal representatives in each class of the congruence ≡_I . We prove that the restriction of < to the pairs in I is transitive if and only if the characteristic series ξ of L satisfies an equation of the form

ξ · Det(Id − X) = 1,

where X is a minimal acceptor matrix of L and Id is the corresponding identity matrix.

Intuitively, this means that a lifting μ of the Möbius function of a trace monoid M is the inverse of a cross section L of M if and only if μ is the determinant of (Id − X), for a matrix X defining the smallest automaton that recognizes L.

A further consequence concerns the enumerative image f_M (z) of the characteristic series ξ_M . If the independence relation of a trace monoid M admits a transitive orientation, then f_M (z) is the inverse of the determinant of (Id − Y ), where Y is the enumerative image of any minimal acceptor matrix X of a cross section of M (i.e. Y is obtained from X by replacing in each entry every element of the alphabet Σ by the unique symbol z).

2 Preliminaries

Let Σ be a finite alphabet, let Σ^∗ be the free monoid it generates, i.e., the set of all words or strings over Σ and let 1 be its identity, the empty word. A trace monoid M is defined as the quotient Σ^∗/ ≡_I where I ⊆ Σ × Σ is a symmetric and irreflexive relation, and ≡_I is the smallest congruence extending the set of equations {ab = ba | (a, b) ∈ I}. The elements of M are called traces. In order to simplify notations, a string denotes either an actual string in the free monoid or a trace in the quotient monoid of traces, whichever is meant should be clear from the context. In particular, 1 denotes the identity of Σ^∗ or of M. The pair ⟨Σ, I⟩ is called an independence alphabet and can be represented by an undirected graph, Σ being the set of nodes and I the set of edges.

Example: with the following independence alphabet ⟨Σ, I⟩ defined by its graph, the strings bacd and abdc represent the same trace.

a a a b a d

@@ @@ @@ @@ @@

a c

2 We are concerned with properties of the ring Z⟨⟨M⟩⟩ of all formal power series σ over the monoid M with integer coefficients, i.e., of all mappings of M into the ring of integers. Given a power series σ and an element t of M, we denote by σ(t) the coefficient of the monomial t in σ. We can write σ = ∑ t∈M σ(t)t. The addition and multiplication of two arbitrary power series σ_1, σ_2 ∈ Z⟨⟨M⟩⟩ are respectively defined by (σ_1 + σ_2)(t) = σ_1(t) + σ_2(t),

(σ_1σ_2)(t) = ∑ t=t1t2 σ_1(t_1)σ_2(t_2),

for all t ∈ M.

The support of a power series σ ∈ Z⟨⟨M⟩⟩ is the subset consisting of all the elements t ∈ M such that σ(t) ≠ 0. The subring Z⟨M⟩ of polynomials is the subset of all series having finite support.

We recall that the Möbius function of a trace monoid M is defined as the formal power series μ_M such that μ_M (t) =

(−1)^n if t = a_1a_2 · · ·a_n, where all a_i ∈ Σ are different and (a_i, a_j) ∈ I holds for all i ≠ j, 0 otherwise.

(we adopt the usual convention that a_1a_2 · · ·a_n = 1 whenever n = 0).

Example (continued): the Möbius function is given by the polynomial μ_M = 1 − a − b − c − d + ab + bc + bd + cd − bcd 2 The Möbius function enjoys the fundamental property that for any power series σ_1, σ_2 ∈ Z⟨⟨M⟩⟩, the following conditions are equivalent: ∑ t1t2=t σ_1(t_2) = σ_2(t) for all t ∈ M, ∑ t1t2=t μ_M (t_1)σ_2(t_2) = σ_1(t) for all t ∈ M.

Equivalently, if ξ_M = ∑ t∈M t is the characteristic series of M in the ring Z⟨⟨M⟩⟩, then the following holds

μ_M · ξ_M = ξ_M · μ_M = 1. (1)

As mentioned previously, this property is at the basis of the algebraic proof of Mac Mahon’s Master Theorem given by Cartier and Foata and helps solving several enumeration problems [2]. For instance, taking the morphism φ that maps each generator of M into the unique symbol z, equation (1) reduces to ∑ n∈N t_nz^n = { ∑ j (−1)^jC_jz^j}^{−1},

where t_n is the number of traces of length n in M and C_j is the number of cliques of size j in ⟨Σ, I⟩. Example (continued): the commutative image of the Möbius function is

φ(μ_M ) = 1 − 4z + 4z^2 − z^3

which turns out to be the inverse of the generating function of {t_n}. Hence, applying standard calculations, we obtain

t_n = ( 1 + 2 √ 5 ) ( 2 3 − √ 5 )n + ( 1 − 2 √ 5 ) ( 2 3 + √ 5 )n − 1 2 Our present contribution deals with the non-commuting interpretation of equation (1).

This requires some comments. The problem consists in asking whether it is possible to choose a representative in each monomial of μ_M and to interpret the resulting polynomial μ as a polynomial in Z⟨⟨Σ⟩⟩ in such a way that its formal inverse μ^{−1} in Z⟨⟨Σ⟩⟩ be the characteristic series of a set of representatives of M in Σ^∗ [4]. As an easy example, consider the free abelian monoid generated by a, b. Then its Möbius function is μ_M = 1 − a − b + ab. Considered as a polynomial in Z⟨⟨Σ⟩⟩, its inverse is the power series ∑ m≥0,n≥0 b^na^m which is the characteristic series of the maximal strings in each congruence class when the strings are lexicographically ordered relative to a < b.

More precisely, consider the canonical morphism ψ : Z⟨⟨Σ⟩⟩ −→ Z⟨⟨M⟩⟩. Let us say that a polynomial μ ∈ Z⟨⟨Σ⟩⟩ is a non-commuting lifting of the Möbius function for M if ψ(μ) = μ_M and the restriction ψ : Σ^∗ −→ M is injective on the support of μ. Such a function is called unambiguous if its inverse ξ in Z⟨⟨Σ⟩⟩ is the characteristic series of a cross-section of M, i. e., ψ(ξ) = ∑ t∈M t. It was shown in [5] that an unambiguous non-commuting lifting μ of the Möbius function for M exists if and only if the graph ⟨Σ, I⟩ admits a transitive orientation. Actually, if <_I is a transitive orientation of ⟨Σ, I⟩, then the unambiguous Möbius function in question μ is given by

μ(x) = (−1)^n if x = x_1x_2 · · · x_n, {x_1, x_2, . . ., x_n} is a clique of ⟨Σ, I⟩ and x is the lexicographically smallest string in [x] with respect to <_I , 0 otherwise.

We say that μ is the unambiguous Möbius function corresponding to <_I .

Example (continued): μ = 1 − a − b − c − d + ba + bc + bd + cd − cbd, μ = 1 − a − b − c − d + ba+bc+bd+cd−dcb,. . . are possible non-commuting liftings of μ_M . Orient the independence graph as follows

a a œ a_b

6

- a_d

@@ @@ @@ @@ @@R

a c

and assume that an edge from a node r to a node s means s <_I r. Then, the corresponding non-commuting lifting μ = 1 − a − b − c − d + ab + cb + db + dc − dcb is unambiguous. 2 In this work we show another characterization of the independence alphabets that admit a transitive orientation. This result also proves that any unambiguous Möbius function μ is the determinant of a matrix (Id − X), where X is a minimal acceptor matrix of the support of the series ξ = μ^{−1} and Id is the identity matrix.

In order to present this result we give some further definitions. Given a total order relation < on Σ, the restriction of < to I is the relation <_I such that, for every a, b ∈ Σ, a <_I b if and only if (a, b) ∈ I and a < b. Moreover, the lexicographic cross section of M associated with < is defined as the language L ⊆ Σ^∗ obtained by taking, for each t ∈ M, the maximum representative string x ∈ t with respect to the lexicographic ordering on Σ^∗ induced by <. It can be proved [5] that L is given by the following equation:

L = Σ^∗ − ⋃ a<I b Σ^∗aI^∗_b bΣ^∗, (2)

where I_b = {c ∈ Σ^∗ | (b, c) ∈ I} for every b ∈ Σ. This proves that the cross section L only depends on the restriction <_I . For this reason we say that L is the lexicocraphic cross section defined by <_I .

Equation (2) also shows that L is regular and hence we can consider the smallest finite automaton recognizing L. Given a linear order over the set of its states we can represent the automaton by a matrix X ∈ Z⟨Σ⟩^{n×n} such that each entry X_{i,j} is the characteristic polynomial of the set of letters a that take state i to state j. For brevity, we say that X is a minimal acceptor matrix of the language L. Such a matrix is defined over a ring of polynomials in noncommutative variables and here we consider the following notion of determinant for matrices of this kind: for every n × n matrix Y = [Y_{ij}] with entries in Z⟨Σ⟩, the determinant of Y is an element of Z⟨Σ⟩ defined by

Det(Y ) = ∑ σ∈Sn sign(σ)Y_{σ(1),1}Y_{σ(2),2} . . . Y_{σ(n),n}. Note that the terms of the sum are obtained by choosing, in the order, one entry for each column so that every row is taken just once. Observe that Det(Y ) changes sign whenever we exchange two rows in Y and this proves that Det(Y ) = 0 if there are two equal rows in Y .

Example (continued): it is easy to verify that the lexicographic cross section L defined by <_I is the set of all words in Σ^∗ which do not contain the factors ab, cb, db, dc. Then, a minimal acceptor matrix of L is given by X = d a 0 d a + c 0 d a + c b Here X represents a finite automaton of three states, all of them are accepting, and the third state is the initial one. 2

Using the previous notation our result can be stated as follows:

Theorem 1 Given an independence alphabet ⟨Σ, I⟩ defining a trace monoid M, let < be a linear ordering over Σ and let L be the lexicographic cross section defined by <_I . Then <_I is transitive if and only if an equation of the form

ξ · Det(Id − X) = 1

holds, where ξ is the characteristic series of L, X is a minimal acceptor matrix of L and Id is the corresponding identity matrix.

A further consequence of this result is that if ⟨Σ, I⟩ admits a transitive orientation, then the polynomial p = ∑ j(−1)^jC_jz^j is the determinant of the enumerative image of Id − X:

p = Det(Id − U), where U = φ(ψ(X)).

Example (continued): it is easy to verify that Det(Id − X) equals the unambiguous lifting μ = 1 − a − b − c − d + ab + cb + db + dc − dcb. Moreover, in this case we have U = z z 0 z 2z 0 z 2z z and another simple computation shows that Det(Id − U) = 1 − 4z + 4z^2 − z^3. 2

3 From transitivity to the Möbius function

In this section we prove the result in one direction. We show that, if an independence alphabet ⟨Σ, I⟩ admits a transitive orientation <_I , then the unambiguous Möbius function corresponding to <_I is the polynomial μ = Det(Id − X), where X is a minimal acceptor matrix of the lexicographic cross section L defined by <_I . We note that here the language L is the support of the series ξ = μ^{−1} [5].

The proof is based on the properties of the minimum finite automaton recognizing the language L; in particular the states of the automaton are represented by disjoint subsets of Σ which can be ordered by extending the given orientation.

We first observe that, since <_I is transitive, Equation (2) can be simplified as follows:

L = Σ^∗ − ⋃ a<I b Σ^∗abΣ^∗. (3)

Then, we define the equivalence relation ≡ on Σ by writing a ≡ b if and only if the following holds for all c ∈ Σ, a <_I c if and only if b <_I c (4)

This induces a partition of Σ into equivalence classes Σ_1, Σ_2, . . ., Σ_n. Observe that if a, b ∈ Σ_i holds for some i = 1, . . ., n, then (a, b) /∈ I.

Next, we extend the relation <_I to the equivalence classes of ≡ by setting Σ_i <_I Σ_j if and only if there exist two letters a ∈ Σ_i, b ∈ Σ_j such that a <_I b. This relation is transitive since a <_I b, b ≡ c and c <_I d implies b <_I d, and hence a <_I d. Consider a linear extension ≺ of the relation <_I on the equivalence classes. This again extends to a linear ordering of the set Σ itself, which we still denote by ≺.

Example. Consider the oriented independence alphabet ⟨Σ, I⟩ defined by the following graph (again, an edge from r to s means s <_I r):

rc @@ @R PPPP

PPPP Pq re

ra r f œ � � �ß � � �ff AA AA AAU HHH HHHj r b r d œ ııı ıııı ıı) � �

In this case the orientation <_I is transitive and the equivalence classes of ≡, considered in the order, are {a, b}, {c}, {d, e}, {f}. Moreover, the lexicographic cross section defined by <_I is given by L = Σ^∗ − Σ^∗{ac, ad, af, bc, bd, bf, cd, cf, df, ef}Σ^∗. 2 Now, consider the synctactic right invariant ∼_L of L. It is easy to see that, for every nonempty words x, y ∈ Σ^∗, x ∼_L y if and only if either x and y do not belong to L, or x and y are in L and they both end with a symbol in the same class Σ_i, for some i. This implies that the minimum finite automaton A recognizing L is defined by the set of states Q = {Σ_1, Σ_2, . . ., Σ_n} where, without loss of generality, we assume that Σ_1 ≺ Σ_2 ≺ · · · ≺ Σ_n holds and that the initial state is the set Σ_n containing the elements a ∈ Σ which are maximal with respect to <_I . In A all states are accepting and the transition function is defined by

Σ_i · b = { ∅ if a <_I b for some a ∈ Σ_i Σ_j otherwise, where b ∈ Σ_j (5) for any b ∈ Σ and any i = 1, 2, . . ., n.

If we order the set of states Q according to ≺, the finite automaton A can be represented by the matrix X ∈ Z⟨Σ⟩^{n×n} such that each entry X_{ij} is given by X_{ij} = {b ∈ Σ | Σ_i · b = Σ_j} = {b ∈ Σ_j | ∀a ∈ Σ_i ¬(a <_I b)}. A key property of this matrix is that X_{ij} ⊆ Σ_j for all i, j = 1, 2, . . ., n. Example: in the previous example, we have Σ_1 = {a, b}, Σ_2 = {c}, Σ_3 = {d, e}, Σ_4 = {f} and the matrix X is as follows {a, b} {c} {d, e} {f} {a, b} a + b 0 e 0 {c} a + b c e 0 {d, e} a + b c d + e 0 {f} a + b c d + e f 2 Observe that under the diagonal each entry contains all symbols in the corresponding state. This is actually a general property that is used in the proof of the following result. Proposition 2 Let ⟨Σ, I⟩ be an independence alphabet that admits a transitive orientation <_I . Then the unambiguous Möbius function μ corresponding to <_I is given by μ = Det(Id − X), (6) where X is the matrix defined above and Id is the identity matrix of size n.

Proof. We recall that the determinant of a matrix Y is defined as

Det(Y ) = ∑ σ∈Sn sign(σ)Y_{σ(1),1}Y_{σ(2),2} . . . Y_{σ(n),n} In our case this means that

Det(Id − X) = ∑ σ∈Sn sign(σ) n∏ i=1 (δ_{σ(i)i} − X_{σ(i)i}) (7)

where δ_{ij} is the Kronecker symbol. Observe that each product ∏n i=1(δ_{σ(i)i} − X_{σ(i)i}) is the sum of monomials of the form (−1)^kX_{σ(i1)i1} X_{σ(i2)i2} · · · X_{σ(ik)ik} where J = {i_1, i_2, . . ., i_k} is a subset of {1, 2, . . ., n} and the permutation σ is the identity on the complement J^c of J and hence a permutation on J. Then, for a given subset J = {i_1, i_2, . . ., i_k} ⊆ {1, 2, . . ., n}, we can group the monomials in the right hand side of (7) for all permutations σ that are identity on J^c. Taking the sum of these monomials, each multiplied by the corresponding sign(σ), we get (−1)^kDet(X^J), where X^J is the matrix obtained from X by erasing all rows and columns with index in J^c. Hence, letting J range over the family J of all subsets of {1, 2, . . ., n}, we obtain

Det(Id − X) = ∑ J∈J (−1)^{|J|}Det(X^J),

where by convention Det(X^∅) = 1.

Now, given a nonempty set J ⊆ {1, 2, . . ., n}, let i_1, i_2, . . ., i_k be the elements of J in increasing order; we define D_J as the family of subsets

D_J = {Δ ⊆ Σ | |Δ ∩ Σ_i| = 1 ∀i ∈ J, and Δ ∩ Σ_i = ∅ ∀i ∉ J};

then we have Det(X^J) = ∑ Δ∈DJ Det(X^{J,Δ}),

where X^{J,Δ}_{rs} = X_{iris} ∩ Δ, for all i_r, i_s ∈ J.

As a consequence Det(Id − X) can be written as

Det(Id − X) = 1 + ∑ J∈J \∅ ∑ Δ∈DJ (−1)^{|J|}Det(X^{J,Δ}) (8)

Then, we have to prove that, for every Δ ∈ D_J , if a_1, a_2, . . ., a_k are the elements of Δ in increasing order then

Det(X^{J,Δ}) = { 0 if Δ contains two distinct symbols a_i, a_j such that (a_i, a_j) ∉ I, a_1 . . .a_k if Δ is a clique of ⟨Σ, I⟩.

To this end, let i_1, i_2, . . ., i_k be the elements of J in increasing order. Clearly a_j belongs to Σ_{ij} for each a_j ∈ Δ. Now assume that Δ is not a clique of ⟨Σ, I⟩ and consider the last two indices i_r, i_s ∈ J such that (a_r, a_s) /∈ I. Then, we can prove the following

Claim For every j = 1, 2, . . ., k, a_r <_I a_j if and only if a_s <_I a_j.

Indeed, assume i_r < i_s. If a_s <_I a_j then (a_r, a_j) ∈ I, otherwise i_j and i_r would be the last two indices of dependent symbols in Δ; then, since i_r < i_j, we obtain a_r <_I a_j. For the same reason, if a_r <_I a_j then (a_s, a_j) ∈ I; however, we cannot have (a_j <_I a_s) because <_I is transitive and (a_r, a_s) /∈ I; hence, the only possibility is a_s <_I a_j and this concludes the proof of the claim.

This claim shows that, for each a_j ∈ Δ,

Σ_{ir} · a_j = Σ_{is} · a_j

and hence the rows i_r and i_s of the matrix X^{J,Δ} are equal proving that the determinant is zero. Moreover, if all letters of Δ commute then, by equation (5), the submatrix X^{J,Δ} is lower triangular a_1 0 0 · · · 0 a_1 a_2 0 · · · 0 · · · a_1 a_2 · · · a_{k−1} 0 a_1 a_2 · · · a_{k−1} a_k

Hence, we have proved that the right hand side of (8) is the sum of minimum strings (with respect to the lexicographic order induced by ≺) that represent cliques of ⟨Σ, I⟩. On the other hand, since independent symbols in Σ do not belong to the same class Σ_i, each clique of ⟨Σ, I⟩ appears as a set Δ in the right hand side of (8). This means that Det(Id-X) is the unambiguous Möbius function corresponding to <_I . 2

4 From the Möbius function to transitivity

In this section we prove Theorem 1 in the other direction. Given an independence alphabet ⟨Σ, I⟩ defining a trace monoid M, let < be a total order relation on Σ and let L ⊆ Σ^∗ be the lexicographic cross section of M associated with <. Also in this case we denote by X ∈ Z⟨⟨Σ⟩⟩^{n×n} a minimal acceptor matrix of L. Our goal is to prove that if the characteristic series of L is the inverse in Z⟨⟨Σ⟩⟩ of the polynomial Det(Id − X), then the restriction of < to I (denoted by <_I ) is transitive.

The proof is based on the properties of the local language L. Let us say that a language R ⊆ Σ^∗ is local if, for every pair of words x, y ∈ Σ^∗ having the same factors of length 2, x ∈ R implies y ∈ R (this is a slightly less general class of languages than usually considered, cf. [1], p.18 or [8], p.27). We first prove the following

Proposition 3 The lexicographic cross-section L is local if and only if <_I is transitive.

Proof. If <_I is transitive we know from the previous section that Equation (3) holds and this proves that L is local. On the other hand, assume that <_I is not transitive. Then, for some a, b, c ∈ Σ, we have a <_I b <_I c while ¬a <_I c. Hence, the words u = cbaca and v = cacba represent the same trace. Moreover, since <_I is the restriction of a linear order on Σ, we cannot have c <_I a and hence (a, c) /∈ I. This means that u is the largest string in [u] and hence it belongs to L while v does not. However u and v have the same factors of length 2 and this proves that L is not local. 2

Another general property of the language L concerns the relation ∼_L denoting the syntactic right invariant of L.

Lemma For every u ∈ Σ^∗ and every a ∈ Σ we have ua ∼_L uaa.

Proof. Indeed, from Equation (2) it is clear that, for every v ∈ Σ^∗, uaav ∈ L implies uav ∈ L. Moreover, if uaav ∉ L and ua ∈ L, then either v ∉ L, or v = lbv^′ for some b ∈ Σ and some l, v^′ ∈ Σ^∗ such that a <_I b and all symbols occurring in l belong to I_b. In both cases this means that uav ∉ L and hence the lemma is proved. 2

Now, let us consider the smallest finite automaton A recognizing L and let X be a matrix representing A. We denote by q_0 the initial state of this automaton. By Equation (2), the language L contains all the prefixes of its words; this implies that all states of A are final and hence any word x ∈ Σ^∗ belongs to L if and only if q_0 · x is well-defined. Then, denoting by ξ the characteristic series of L, we can prove the following

Proposition 4 If ξ · Det(Id − X) = 1 then L is a local language.

Proof. Since each entry X_{ij} is a subset of Σ, it is clear that the monomials of first degree in Det(Id − X) appear on the diagonal of X. By the hypothesis this implies ∑ a∈Σ ξ(a) = − n∑ i=1 X_{ii}. Hence, every a ∈ Σ can be associated just with one state, denoted by q(a), such that q(a) · a = q(a). (9) Together with the previous Lemma this equation shows that for every state p and every a ∈ Σ either p · a is not defined, or p · a = q(a).

Then, consider two words x, y ∈ Σ^∗ that have the same factors of length 2. In order to prove the proposition we have to show that x ∈ L implies y ∈ L. Indeed, let x = a_1a_2 · · ·a_h and y = b_1b_2 · · · b_k, where h, k > 1 and a_i, b_j ∈ Σ for every i, j. Reasoning by induction, we prove that q_0 · b_1b_2...b_j is well-defined for every j = 1, 2, . . ., k. Clearly, this is true for j = 1. Assume that the property is true for some j < k. Then we have q_0 · b_1b_2...b_j = q(b_j). Let i be an index such that a_ia_{i+1} = b_jb_{j+1}; since x ∈ L, we have q(a_{i−1}) · a_ia_{i+1} = q(a_{i+1}) and hence

q(b_j) · b_{j+1} = q(a_i) · a_{i+1} = q(a_{i+1}) = q(b_{j+1})

proving that q_0 · b_1b_2...b_{j+1} is well-defined. 2

It is clear that Propositions 4 and 3 complete the proof of Proposition 1.

References

[1] J. Berstel, Transductions and context-free languages (B.G. Teubner, Stuttgart, 1979).

[2] A. Bertoni, M. Goldwurm, and N. Sabadini, Analysis of a class of algorithms for problems on trace languages, Proc. 4-th AAECC, Lecture Notes in Computer Science, vol. 307 (Springer, Berlin - Heidelberg - New York, 1988), 202-214.

[3] P. Cartier and D. Foata, Problèmes combinatoires de commutation et réarrangements, Lecture Notes in Mathematics, vol.85 (Springer, Berlin - Heidelberg - New York, 1969).

[4] A. Choffrut, Free partially commutative monoids, Technical Report 86/20 LITP, Université Paris 7, 1986.

[5] V. Diekert, Transitive orientations, Möbius functions and complete semi-Thue systems for free partially commutative monoids, Proc. 15-th ICALP, Lecture Notes in Computer Science, vol.317 (Springer, Berlin - Heidelberg - New York, 1988), 176-187.

[6] V. Diekert, Möbius functions and confluent semi-commutations, Theoret. Comput. Sci.

108 (1993), 25-43.

[7] V. Diekert and G. Rozenberg, editors, The book of traces (World Scientific, Singapore - New Jersey - London, 1995).

[8] S. Eilenberg, Automata, Languages and Machines, Vol. A (Academic Press, New York - San Francisco - London, 1974).

[9] G. Lallement, Semigroups and Combinatorial Applications (John Wiley, New York - Chichester - Brisbane, 1979).

[10] A. Mazurkiewicz, Concurrent program schemes and their interpretations, DAIMI Rep.

PB 78, Aarhus University, 1977.