On the maximum coefficients of rational formal series in commuting variables

Christian Choffrut^{(1)} Massimiliano Goldwurm^{(2)}

Violetta Lonati^{(2)}

(1) L.I.A.F.A., Université Paris VII, 2 Place Jussieu, 75221 Paris – France Christian.Choffrut@liafa.jussieu.fr

(2) Dipartimento di Scienze dell’Informazione, Università degli Studi di Milano Via Comelico 39/41, 20135 Milano – Italy, {goldwurm,lonati}@dsi.unimi.it

Rapport de recherche L.I.A.F.A. n. 2004–002 Laboratoire d’Informatique Algorithmique, Fondements et Applications Université Denis Diderot 2 Place Jussieu, 75221 Paris

May 2004

Abstract

We study the growth function of a R+-rational formal series in two commuting variables which assigns to every integer n ∈ N, the maximum coefficient of the monomials of degree n. We give a rather general sufficient condition under which the growth function of such a series is of the order Θ(n^{k/2}λ^n) for some integer k ≥ −1 and some positive real λ. Our analysis is related to the study of limit distributions in pattern statistics. In particular, we prove a general criterion for establishing Gaussian local limit laws for sequences of discrete positive random variables.

Keywords: Automata and Formal Languages, Local Limit Theorems, Pattern Statistics, Rational Formal Series.

1 Introduction

The general observation motivating this paper is the following. Consider a rational fraction^{p(x)}_{q(x)} where p(x) and q(x) are two polynomials with coefficients in the field of real numbers (with q(0) ≠ 0). It is well-known that the coefficient of the term x^n of its Taylor expansion is asymptotically equivalent to a linear combination of expressions of the form n^{k−1}λ^n where λ is a root of q(x) and k its multiplicity, cf. [9, Theorem 6.8] or [14, Lemma II.9.7].

The purpose of this work is to pose the problem in more general terms. Indeed, assume we are given a semiring K whose underlying set is contained in the reals, e.g., Z, N, R_+, etc. Assume further we are given a trace monoid, i.e., a monoid M whose presentation is of the form ⟨Σ; R⟩ where Σ is a finite alphabet and R is a family of relations of the form ab = ba with a, b ∈ Σ. Observe that for these monoids, the notion of length makes sense. Consider next a rational formal series r over M with coefficients in K and denote by (r, x) the corresponding coefficient of the element x ∈ M. Denoting by |x| the length of x, we want to investigate the (growth) function g_r(n) = max_{|x|=n} |(r, x)|

where |(r, x)| denotes the absolute value of (r, x).

The problem for free monoids and the semirings Z and N was completely solved in [16] where it is shown that if the growth function is not exponential then there exists an integer k such that the growth function is of the order Θ(n^k). In that case, the series is the sum of terms each of which is the product of at most k + 1 rational series that are the characteristic series of rational subsets of a free monoid, see also [2, Corollary 2.11.]. When the semiring of coefficients is N the problem is related to the analysis of ambiguity of formal grammar (or finite automata) generating (recognizing, resp.) the support of the series; a wide literature has been devoted to this problem (see for instance [11, 20, 23]). It is worth noting that, in the algebraic case, rather surprising results have been obtained concerning the asymptotic of growth functions [21, 22].

Another case can be found in the literature. It is concerned with the tropical semiring T whose support is the set N ∪ {∞} and whose operations are the min for the addition and the + for the multiplication. In [18], Imre Simon proves that for all T -rational series s over the free monoid {a, b}^∗, there exists an integer k such that (s, w) = O(|w|^{1/k} ) holds for all w ∈ {a, b}^∗. Moreover it is proven that for each positive integer k, there exist a T -rational series s_k such that g_{sk} (n) = Θ(n^{1/k}). Thus, the hierachy is strict though it is not proven that all series have an asymptotic growth of this kind.

In the present work, we study the growth function of rational formal series in two commuting variables a, b with coefficients in R_+. As far as we know, the general problem of characterizing the order of magnitude of g_s(n) for such a series s is still open, though some contributions can be found in the literature [3]. We prove that for each integer k ≥ 1 if s is the commutative image of r^k, for certain R_+-rational formal series r over the free monoid {a, b}^∗, then g_s(n) = Θ(n^{k−(3/2)}λ^n) for some positive real λ.

This result is obtained by studying the limit distribution of the discrete random variables {X_n} naturally associated with the series s: each X_n takes values only in {0, 1, . . . , n} and Pr{X_n = i} is proportional to the coefficient (s, a^ib^{n−i}). We prove that if s is the commutative image of r^k, for some positive k ∈ N and some (nondegenerate) primitive R_+-rational formal series r over {a, b}^∗, then X_n has a Gaussian limit distribution; if further r satisfies a simple condition on the eigenvalues of certain matrices associated with its primitive representation, then a local limit theorem holds for X_n (in the sense of de Moivre-Laplace [8]). This is obtained by proving a general criterion for local limit laws which could be useful in other contexts. These probabilistic results are of interest also in pattern statistics, where the main goal is the analysis of the number of occurrences of patterns in a word of length n generated at random according with suitable stochastic models [12, 4]. In particular, they extend some results obtained for stochastic models defined by the product of two primitive rational formal series [6] to models defined by powers of series of the same kind.

2 Preliminaries

Given a monoid M and a semiring K we call formal series over M any application r : M −→ K, usually denoted as an infinite formal sum r = ∑ w∈M(r, w) w, which associates each w ∈ M with its coefficient (r, w) ∈ K. The set of all series over M with coefficients in K is a monoid algebra, provided with the usual operations of sum, product and star restricted to the elements r such that (r, 1_M) = 0_K. These operations are called rational operations. A series r is called rational if it belongs to the smallest set closed under rational operations, containing the series 0 and all the series χ_w, for w ∈ M, such that (χ_w, w) = 1 and (χ_w, x) = 0 for each x ≠ w.

In this work we study the formal series over free monoids or free commutative monoids with coeffiicients in the semiring R_+ of nonnegative real numbers. If M is the free monoid generated by a set symbols {σ_1, σ_2, · · · , σ_ℓ}, we denote by R_+⟨⟨σ_1, · · · , σ_ℓ⟩⟩ the family of all formal series over M with coefficients in R_+ and by R^{Rat}_+ ⟨⟨σ_1, · · · , σ_ℓ⟩⟩ the subset of rational series. By Kleene’s Theorem [14, 13], we know that every r ∈ R^{Rat}_+ ⟨⟨σ_1, · · · , σ_ℓ⟩⟩ admits a linear representation over the alphabet {σ_1, σ_2, · · · , σ_ℓ}, i.e. a triple (ξ, μ, η) such that, for some integer m > 0, ξ and η are (nonnull column) vectors in R^m_+ and μ : M −→ R^{m×m}_+ is a monoid morphism, satisfing (r, w) = ξ^T μ(w) η for each w ∈ M. We say that m is the size of the representation. Observe that considering such a triple is equivalent to defining a (weighted) non–deterministic finite automaton over the alphabet {σ_1, σ_2, · · · , σ_ℓ}, where the state set is given by {1, 2, . . . , m} and the transitions, the initial and the final states are assigned weights in R_+ by μ, ξ and η respectively.

Analogously, if M is the free commutative monoid with set of generators {σ_1, σ_2, · · · , σ_ℓ}, we denote by R_+[[σ_1, · · · , σ_ℓ]] the family of all formal series over M with coefficients in R_+. In this case, any element σ^{i1}_1 · · · σ^{iℓ}_ℓ of M is represented in the form σ^i , where σ = (σ_1, . . . , σ_ℓ) and i = (i_1, . . . , i_ℓ) ∈ N^ℓ . The canonical morphism φ : {σ_1, · · · , σ_ℓ}^∗ → M, associating each w ∈ {σ_1, · · · , σ_ℓ}^∗ to the monomial σ^i (where i_j = |w|_{σj} for every j), extends to the semiring of formal series: for every r ∈ R_+⟨⟨σ_1, · · · , σ_ℓ⟩⟩ and every σ^i ∈ M , (φ(r), σ^i) = ∑ |x|_{σj} =i_j

(r, x) .

Moreover, we denote by R^{Rat}_+ [[σ_1, · · · , σ_ℓ]] the family of all rational formal series in R_+[[σ_1, · · · , σ_ℓ]]. Since φ is a morphism, we know that for every r ∈ R^{Rat}_+ ⟨⟨σ_1, · · · , σ_ℓ⟩⟩ , φ(r) belongs to R^{Rat}_+ [[σ_1, · · · , σ_ℓ]] .

For our purpose, a subset of rational series of particular interest is defined by the so-called primitive linear representations. We recall that a matrix M ∈ R^{m×m}_+ is primitive if for some k ∈ N all entries of M^k are strictly positive. The main property of these matrices is given by the Perron–Froblenius Theorem, stating that any primitive matrix M has a unique eigenvalue λ of largest modulus, which is real positive (see for instance [17, Chapter 1]). Such a λ is called the Perron-Frobenius eigenvalue of M.

Thus, a linear representation (ξ, μ, η) defined over a set of generators Σ is called primitive if ∑ σ∈Σ μ(σ) is a primitive matrix. In this case we say that also the series r defined by (ξ, μ, η) is primitive. Moreover, if Σ is a binary alphabet {a, b} we say that (ξ, μ, η) is degenerate if μ(σ) = 0 for some σ ∈ Σ. Analogously, we say that r ∈ R_+⟨⟨a, b⟩⟩ is degenerate if, for some σ ∈ {a, b}, (r, w) ≠ 0 implies w ∈ {σ}^∗.

Given a monoid M, let us assume that a length function | · | : M −→ N is well-defined for M such that the set {x ∈ M : |x| = n} is finite for each n ∈ N. Then, for any formal series s : M −→ C we define the growth function g_s : N −→ R_+ as

g_s(n) = max{|(s, x)| : x ∈ M, |x| = n} (for every n ∈ N).

In the following | · | will denote both the modulus of a complex number and the length of a word: the meaning will be clear from the context^1.

1On the contrary, |x|_a will always represent the number of occurrences of a symbol a in a word x.

Our main results concern the order of magnitude of g_r(n) for some r ∈ R_+[[σ_1, · · · , σ_ℓ]]. To state them precisely we use the symbol Θ with the following meaning: given two sequences {f_n}, {g_n} ⊆ R_+ , the equality g_n = Θ(f_n) means that for some pair of positive constant c_1, c_2, the relation

c_1f_n ≤ g_n ≤ c_2f_n

holds for any n large enough.

2.1 Convergence in distribution

Let X be a random variable (r.v.) with values in a set {x_0, x_1, . . . , x_k, . . .} of real numbers and set p_k = Pr{X = x_k }, for every k ∈ N. We denote by F_X its distribution function, i.e. F_X (τ) = Pr{X ≤ τ} for every τ ∈ R. If the set of indices {k | p_k ≠ 0} is finite we can consider the moment generating function of X, given by Ψ_X (z) = E(e^{zX} ) = ∑ k∈N p_ke^{zxk} ,

which is well-defined for every z ∈ C. This function can be used to compute the first two moments of X,

E(X) = Ψ^′_X (0) , E(X^2) = Ψ^{′′}_X (0) , (1)

and to prove convergence in distribution. We recall that, given a sequence of random variables {X_n}_n and a random variable X, X_n converges to X in distribution (or in law) if lim_{n→∞} F_{Xn} (τ) = F_X (τ) for every point τ ∈ R of continuity for F_X . It is well-known that if Ψ_{Xn} and Ψ_X are defined all over C and Ψ_{Xn} (z) tends to Ψ_X (z) for every z ∈ C, then X_n converges to X in distribution [8].

A convenient approach to prove the convergence in law to a Gaussian random variable relies on the so called “quasi-power” theorems introduced in [10] and implicitely used in the previous literature [1] (see also [7]). For our purpose we present the following simple variant of such a theorem, the proof of which is here given in detail because some steps will be used in subsequent sections.

Theorem 1 Let {X_n} be a sequence of random variables, where each X_n takes values in {0, 1, . . . , n} and let us assume the following conditions:

C1 There exist two functions r(z), y(z), both analytic at z = 0 where they take the value r(0) = y(0) = 1, and a positive constant c, such that for every |z| < c

Ψ_{Xn} (z) = r(z) · y(z)^n ( 1 + O(n^{−1}) ) ; (2)

C2 The constant σ given by σ = y^{′′}(0) − (y^′(0))^2

is strictly positive (variability condition).

Also set μ = y^′(0). Then^{Xn −μn√}_{σn} converges in distribution to a normal random variable of mean 0 and variance 1, i.e. for every x ∈ R lim n−→+∞ Pr { Xn − μn √ σn ≤ x } = 1 √ 2π ∫_x −∞ e^{− t22} dt .

Proof. By the previous hypothesis, both μ and σ are well-defined and in a neighbourhood of z = 0 the function y(z) admits an expansion of the form

y(z) = { 1 + μz + σ + μ^2 2 z^2 + O(z^3) } (3)

Let us define U_n =^{Xn−μn√}_{σn} . Then the moment generating function of U_n is given by

Ψ_{Un} (z) = E { e^{z Xn−μn√σn} } = e^{−zμ}

√_{n/σ} Ψ_{Xn} ( z/ √ σn ) . Now, replacing (3) in (2), from the previous equation we obtain

Ψ_{Un} (z) = e^{−zμ}

√_{n/σ} · ( 1 + μ z √ σn + σ + μ^2 2 z^2 σn + O(n^{−3/2})

)_n · ( 1 + O(n^{−1/2}) )

The right hands side tends to e^{z2/2}, which is the moment generating function of a normal random variable of mean 0 and variance 1. �

The main advantage of this theorem, with respect to other classical statements of this kind, is that it does not require any condition of independency concerning the random variables X_n. For instance, the standard central limit theorems assume that each X_n is a partial sum of the form X_n = ∑ j≤n U_j , where the U_j ’s are independent random variables [8].

3 A general criterion for local convergence laws

Convergence in law of a sequence of r.v.’s {X_n} does not yield an approximation of the probability that X_n takes a specific value. Theorems concerning approximations for expressions of the form Pr{X_n = x} are usually called local limit theorems and often give a property stronger than a traditional convergence in distribution^2. A typical example is given by the so-called de Moivre-Laplace Local Limit Theorem [8], which intuitively states that, for certain sequences of binomial random variables X_n, up to a factor Θ( √ n) the probabitity that X_n takes a value x approximates a Gaussian density at x.

In this section we present a general criterion that guarantees, for a sequence of discrete random variables, the existence of a local convergence property of a Gaussian type, in the same sense of de Moivre-Laplace’s Theorem mentioned above. In the subsequent section, using such criterion, we show that the same local convergence property holds for certain pattern statistics.

Theorem 2 (Local Limit Criterion) Let {X_n} be a sequence of random variables such that each X_n takes values in {0, 1, . . . , n}. Assume that conditions C1 and C2 of Theorem 1 hold true and let μ and σ be the positive constants defined in the same theorem. Moreover assume the following condition:

C3 For all 0 < θ_0 < π lim_{n→+∞} { √ n sup

θ_0≤θ≤2π−θ_0

|Ψ_{Xn} (iθ)| } = 0 Then, as n grows to +∞ the relation √ σn · Pr{X_n = j} = 1 √ 2π e^{− (j−μn)22σn} · (1 + o(1)) (4)

holds uniformly for every j = 0, 1, . . . , n.

Observe that Ψ_{Xn} (iθ) is the so-called characteristic function of X_n, it is periodic of period 2π, it takes the value 1 at θ = 0. The condition C3 states that, for every constant 0 < θ_0 < π , as n grows to +∞ the value Ψ_{Xn} (iθ) is of the order o(n^{−1/2}) uniformly with respect to θ in the interval [θ_0, 2π − θ_0]; this also implies that its modulus assumes the maximum value only at the points θ = 2kπ (k ∈ Z).

When X_n is a sequence of binomial distributions of parameter n and p (i.e. the number of successes over n indipendent trials of probability p), equation (4) corresponds to de Moivre-Laplace Local Limit

2For this reason, theorems concerning convergence in distribution are sometimes called global or integral limit theorems.

Theorem. Actually, one can easily prove that condition C3 holds for such a sequence whenever 0 < p < 1 (thus obtaning another proof of the same theorem).

We note that this criterion seems to be different from the hypothesis of the general theorem for local laws given in [7, Theorem 9.10] where, together with a condition on the unicity of maximum for the characteristic function, an expansion of the form (2) is required for the probability generating functions p_n(z) of X_n, with z belonging to an annulus 1 − ε ≤ |z| ≤ 1 + ε (ε > 0). In particular, this last hypothesis implies condition C1. The proof of Theorem 2 can be split in two steps. First we show an approximation for the characteristic functions of {X_n}. Then we use the Discrete Fourier Transform to estimate the asymptotic behaviour of the values Pr{X_n = j} for j = 0, 1, . . . , n.

3.1 Approximating the characteristic function

The first step is based on the evaluation of the modulus and the argument for the function y defined in condition C1.

Proposition 3 Let {X_n} be a sequence of random variables such that each X_n takes values in {0, 1, . . . , n}. Assume that conditions C1 and C2 of Theorem 1 hold true and let y(z) be the function defined by condition C1. Then, in a neighbourhood of θ = 0 , the function y(iθ) of real variable θ satisfies the equalities

|y(iθ)| = ( 1 − σ 2 θ^2 + O(θ^3) ) (5) arg(y(iθ)) = μ(θ) + O(θ^3) , (6)

where μ and σ are defined as in Theorem 1.

Proof. >From (3) we have

|y(iθ)| = | | |1 + iμθ − σ + μ^2 2 θ^2 | | | · |1 + O(θ^3)| =

= √( 1 − σ + μ^2 2 θ^2

)_2

+ μ^2θ^2 · |1 + O(θ^3)| = = ( 1 − σ 2 θ^2 + O(θ^4) ) |1 + O(θ^3)|

which proves the first relation. As far as the second one is concerned, observe that

arg(y(iθ)) = arg ( 1 + iμθ − σ + μ^2 2 θ^2 ) + arg(1 + O(θ^3)) =

= arctg ( μθ 1 −^{σ+μ2}_2 θ^2 ) + O(θ^3) = μ(θ) + O(θ^3) . � Proposition 4 Under the same hypothesis of Proposition 3, for every 1/3 < ε < 1/2 and every θ such that |θ| ≤ 2π(n + 1)^{−ε} , we have | |y(iθ)^n − e^{−(σ/2)θ2n+iμθn} | | = O ( n^{−1/2} )

Proof. >From equations (5) and (6) one has

y(iθ)^n = ( 1 − σ 2 θ^2 + O(θ^3)

)_n

· e^{in(μθ+}O^{(θ3))} = Exp ( − σ 2 nθ^2 + iμnθ + nO(θ^3) )

Since |θ| = o(n^{−1/3}) the last expression yields

y(iθ)^n = Exp ( − σ 2 nθ^2 + iμnθ ) · (1 + O(nθ^3))

and hence | |y(iθ)_n − e_{−(σ/2)nθ}^2_{+iμnθ} | | = O (n|θ_3|e_{−nθ}^2_{σ/2}) = O (n_{−1/2}) ,

the last equality being obtained by deriving with respect to θ. �

Proposition 5 Under the same hypothesis of Proposition 3, assume further that condition C3 holds true. Then there exists a constant 0 < θ_0 < π such that, for every 1/3 < ε < 1/2 and every −π < θ ≤ π, | | |ΨX_n (iθ) − e^{−(σ/2)θ2n+iμθn} | | | = Δn(θ)

where

Δ_n(θ) =

O(n^{−ε}) if |θ| ≤^{2π}_{(n+1)ε} O ( e^{−σπ2n1−2ε} ) if^{2π}_{(n+1)ε} ≤ |θ| ≤ θ_0 o(n^{−1/2}) if θ_0 ≤ |θ| ≤ π (7)

Proof. For the sake of brevity let Ψ_n stand for Ψ_{Xn} . We prove the proposition by considering separately the three intervals for the variable θ given in (7). Thus, first assume |θ| ≤^{2π}_{(n+1)ε} . By condition C1 of Theorem 1 and Proposition 4 we have

Ψ_n(iθ) = r(iθ)y(iθ)^n(1 + O(n^{−1})) = ( e^{−(σ/2)θ2n+iμθn} + O(n^{−1/2}) ) (1 + O(n^{−ε}))

which proves the relation since |e^{−(σ/2)θ2n+iμθn}| ≤ 1 for every real θ .

Now, let θ_0 be a constant such that 0 < θ_0 < c , where c is defined as in condition C1 of Theorem 1. Consider the interval^{2π}_{(n+1)ε} ≤ |θ| ≤ θ_0 . Then we have | |Ψ_n(iθ) − e_{−(σ/2)θ}^2_{n+iμθn} | | ≤ |Ψ_n(iθ)| + e_{−(σ/2)θ}^2_n.

Since |θ| ≥ 2π(n + 1)^{−ε} the second term of the right hand side is smaller or equal to e^{−σπ2 n1−2ε} . Hence we simply have to show an analogous bound for the first term. To this end, by equations (2) and (5) we have

|Ψ_n(iθ)| = |r(iθ)y(iθ)^n(1 + O(n^{−1}))| ≤ r | | |1 − σ 2 θ^2 + O(θ^3) | | |^n |1 + O(n^{−1})| (8)

where r = sup_{|θ|≤θ0} |r(iθ)| . By the arbitrariness of θ_0 , for some constant d > 0 and every |θ| ≤ θ_0 we have | | |1 − σ 2 θ^2 + O(θ^3) | | ≤ | |1 − σ 2 θ^2 | | + dθ^3 .

By the same reason we may assume θ_0 ≤ min{ √ 2/σ, σ/(4d)} , which proves | | |1 − σ 2 θ^2 + O(θ^3) | | | ≤ 1 − σ 2 θ^2 + dθ_0θ^2 ≤ 1 − σ 4 θ^2 , for every |θ| ≤ θ_0 . Replacing this value in (8) we get

|Ψ_n(iθ)| = O ( |1 − (σ/4)θ^2|^n ) = O ( e^{−(σ/4)θ2n} ) , which is bounded by O ( e^{−σπ2 n1−2ε} ) because of the range of θ . This concludes the analysis of the second interval.

Finally assume θ_0 ≤ |θ| ≤ π . Again, we have | |Ψ_n(iθ) − e_{−(σ/2)θ}^2_{n+iμθn} | | ≤ sup

θ_0≤|θ|≤π

|Ψ_n(iθ)| + e^{−(σ/2)θ20 n} .

The first term is bounded by o(n^{−1/2}) by condition C3 while the second one is O(τ^n) for some 0 < τ < 1 . �

The last property suggests to define the following approximation of the characteristic function of X_n , where μ and θ are supposed to be positive constants. Let F̂ : R → C be the function such that:

- F̂ (θ) = e^{−(σ/2)θ2n+iμθ} for every −π < θ ≤ π; - F̂ (θ) = F̂ (θ + 2kπ) for every θ ∈ R and every k ∈ Z.

3.2 Discrete Fourier Transform

Now, let us go back to our initial goal, which is the proof of relation (4). We prove it by using the Discrete Fourier Transform (see for instance [5]). To this end, let p^{(n)} be the array (p^{(n)}_0 , p^{(n)}_1 , . . . , p^{(n)}n ) where

p^{(n)}_j = Pr{X_n = j} (j = 0, 1, . . . , n)

and let f^{(n)} ∈ C^{n+1} be its Discrete Fourier Transform, i.e. the array (f^{(n)}_0 , f^{(n)}_1 , . . . , f^{(n)}_n ) such that

f^{(n)}_s = n∑ j=0 p^{(n)}_j e^{i 2πsn+1 j} = Ψ_{Xn} ( i 2πs n + 1 j )

for every s = 0, 1, . . . , n. By antitransforming, each p^{(n)}_j can be obtained by

p^{(n)}_j = 1 n + 1 n∑ s=0 f^{(n)}_s e^{−i 2πsn+1 j} = 1 n + 1 n∑ s=0 Ψ_{Xn} ( i 2πs n + 1 j ) e^{−i 2πsn+1 j} . (9)

The idea is to approximate the values of Ψ_{Xn} in (9) by using Proposition 5, thus obtaining a tight approximation of the coefficients p^{(n)}_j . First we define p̂^{(n)}_j by

p̂^{(n)}_j = 1 n + 1 n∑ s=0 F̂_n ( 2πs n + 1 j ) e^{−i 2πsn+1 j} . (10)

Then, by using standard mathematical tools, one can prove that as n grows to +∞ the relation

p̂^{(n)}_j = 1 √ 2πσn e^{− (j−μn)22σn} + o(n^{−1/2}) (11)

holds uniformly for every j = 0, 1, . . . , n (a detailed proof can be found in [3, Section 5.3]).

Moreover, one can bound the error associated with the above approximation.

Proposition 6 Under the same hypothesis of Proposition 5 the relation | | |p^{(n)}_j − p̂^{(n)}_j | | | = o(n^{−1/2})

holds uniformly for every j = 0, 1, . . . , n.

Proof. >From (9) and (10), recalling the periodicity of Ψ_{Xn} (θ) and F̂_n(θ) , we have | | |p^{(n)}_j − p̂^{(n)}_j | | | ≤ 2 n + 1

⌊^{n+1}_2 ⌋∑

s=0 | | |Ψ^Xn ( i 2πs n + 1 j ) − F̂_n ( 2πs n + 1 j )| | | ; now, by Proposition 5, we get | | |p^{(n)}_j − p̂^{(n)}_j | | | ≤ 2 n + 1

⌊^{n+1}_2 ⌋∑

s=0 Δ_n ( 2πs n + 1 j )

This sum can be computed by splitting the range of s in three parts, corresponding to the intervals studied in Proposition 5. Thus, for any 1/3 < ε < 1/2, the previous right hand side is bounded by 2 n + 1 { (n + 1)^{1−ε}O(n^{−ε}) + θ_0 2π (n + 1)O ( e^{−σπ2 n1−2ε} ) + n + 1 2 o(n^{−1/2}) } = o(n^{−1/2}) . � Proof of Theorem 2. The statement is a straightforward consequence of Propostion 6 and equation (11).

4 Pattern statistics over rational series

In this section we turn our attention to sequences of random variables defined by means of rational formal series in two noncommuting variables.

Let us consider the binary alphabet {a, b} and, for n ∈ N, let {a, b}^n denote the set of all words of length n in {a, b}^∗. Given a formal series r ∈ R_+⟨⟨a, b⟩⟩ , let n be a positive integer such that (r, x) ≠ 0 for some x ∈ {a, b}^n. Consider the probability space of all words in {a, b}^n equipped with the probability measure given by

Pr{w} =

(r, w) ∑ x∈{a,b}^n (r, x)

(w ∈ {a, b}^n).

In particular, if r is the characteristic series χ_L of a language L ⊆ {a, b}^∗, then Pr is just the uniform distribution over the set of words on length n in L: Pr{w} = ♯(L ∩ {a, b}^n)^{−1} if w ∈ L, while Pr{w} = 0 otherwise. We define the random variable Y_n : {a, b}^n → {0, 1, . . . , n} such that Y_n(w) = |w|_a for every w ∈ {a, b}^n. Then, for every j = 0, 1, . . . , n, we have

Pr{Y_n = j} = ∑ |w|=n,|w|_a=j (r, w) ∑ x∈{a,b}^n (r, x) . For sake of brevity, we say that Y_n counts the occurrences of a in the stochastic model defined by r. If r = χ_L for some L ⊆ {a, b}^∗, then Y_n represents the number of occurrences of a in a word chosen at random in L ∩ {a, b}^n under uniform distribution.

When r is rational this approach defines a stochastic model for random generation (called rational stochastic model) which is of interest in the area of pattern statistics. A typical goal in that context is to estimate the limit distribution of the number of occurrences of patterns in a word of length n generated at random according a given probabilistic model (usually a Markovian process) [12]. The rational stocastic models extend the Markovian models in the following precise sense [3, Section 2.1]. For any finite alphabet Σ, any Markovian process Π generating random words in Σ^∗ and every regular set of patterns R ⊆ Σ^∗, let O_n(Π, R) be the number of (positions of) occurrences of strings of R in a word of length n generated by Π. It turns out that for every such Σ, Π and R there exists a formal series r ∈ R^{Rat}_+ ⟨⟨a, b⟩⟩ such that the corresponding r.v. Y_n has the same distribution as O_n(Π, R), i.e. for every n ∈ N and every k = 0, 1, . . . , n, Pr{Y_n = k} = Pr{O_n(Π, R) = k} .

The limit distribution of Y_n, both in the global and in the local sense, is studied in [3] when r is rational and admits a primitive representation. In this case it turns out that Y_n has a Gaussian limit distribution. A local limit property of the form (4) holds if we add a further hypothesis on the primitive linear representation of r. More precisely, we have the following general property (see Theorems 4 and 6 in [3]).

Theorem 7 Given a formal series r ∈ R^{Rat}_+ ⟨⟨a, b⟩⟩ , assume that r is primitive and nondegenerate and let {Y_n} be the sequence of r. v. counting the occurrences of a in the stochastic model defined r. Then there exist two constants α and β, 0 < α , 0 < β < 1, such that^{Yn−βn√}_{αn} converges in distribution to a normal random variable of mean value 0 and variance 1.

Further, let (ξ, μ, η) be a primitive linear representation of r and let λ be the Perron–Frobenius eigenvalue of μ(a) + μ(b) . Assume that, for every 0 < θ < 2π , all the eigenvalues of the matrix μ(a)e^{iθ} + μ(b) are smaller in modulus than λ . Then, as n grows to +∞ the relation √ αn · Pr{Y_n = j} = 1 √ 2π e^{− (j−βn)22αn} · (1 + o(1)) (12)

holds uniformly for every j = 0, 1, . . . , n .

Some comments are now necessary on the additional hypothesis for local convergence in the previous theorem. We note that, given a matrix T ∈ C^{m×m} and a primitive matrix M ∈ R^{m×m}_+ , if |T_{ij} | ≤ M_{ij} for all indices i, j then all eigenvalues of T are in modulus smaller or equal to the Perron–Frobenius eigenvalue of M [17]. Thus, if (ξ, μ, η) is a primitive linear representation and λ is the Perron–Frobenius eigenvalue of μ(a) + μ(b) , then |γ| ≤ λ for every eigenvalue γ of μ(a)e^{iθ} + μ(b) and every θ ∈ R . However, it may occur that |γ| = λ for some γ and some θ . The previous theorem essentially states that if this happens only when θ = 2kπ (k ∈ Z), then a local limit property holds for Y_n .

Our goal in the following section is to extend the previous theorem to stochastic models defined by powers of primitive formal series. Note that in this case the model is not primitive anymore. Our analysis extends some results presented in [6] dealing with the case when the model is defined by the product of two primitive formal series.

5 Main results

This section contains our main results, that is the asymptotic evaluation of the maximum coefficients of rational series in commuting variables. This approximation is a consequence of Theorems 9 and 10 presented in this section, in which we study of the pattern statistics Y_n, counting the number of symbol occurrences in a stochastic model defined by the power of a primitive rational series.

We start with a technical lemma concerning the generating functions of a power of formal series. Given a formal series r : {a, b}^∗ → R_+, for every n, j ∈ N, let r_{n,j} be the coefficient (φ(r), a^j b^{n−j} ), i.e.

r_{n,j} = ∑ |x|=n,|x|_a=j

(r, x) .

We define the function r_n(z) and the corresponding generating function r(z, w) by

r_n(z) = n∑ j=0 r_{n,j} e^{jz} and r(z, w) = +∞∑ n=0 r_n(z) w^n = +∞∑ n=0 n∑ j=0 r_{n,j} e^{jz} w^n

where z, w ∈ C.

Now let us consider the series s = r^k , where k is a positive integer. Its coefficients are given by

(s, w) = ∑ w=x_1x_2···x_k

(r, x_1)(r, x_2) · · · (r, x_k ) (w ∈ {a, b}^∗) (13)

and the corresponding terms s_{n,j} , s_n(z) and s(z, w) are well-defined.

Lemma 8 If s and r are defined as above then the relation s(z, w) = r(z, w)^k holds.

Proof. By the definition of s (see 13), we have

s_n(z) = n∑ j=0 s_{n,j} e^{jz} = n∑ j=0 ∑ |x1 |+···+|xk |=n

|x_1|_a+···+|x_k |_a=j

(r, x_1)(r, x_2) · · · (r, x_k) e^{jz}

= n∑ j=0 ∑ i_1 +···+i_k =n ∑ j_1+···+j_k =j ∑ |x1|=i1

|x_1|_a=j_1 ···

|xk |=ik

|x_k |_a=j_k

(r, x_1)(r, x_2) · · · (r, x_k ) e^{jz}

= ∑ i_1 +···+i_k =n n∑ j=0 ∑ j_1 +···+j_k =j

r_{i1 ,j1} · · · r_{ik ,jk} e^{jz}

= ∑ i_1 +···+i_k =n i_1∑

j=0 r_{i1 ,j} e^{jz} · i_2∑

j=0 r_{i2 ,j} e^{jz}

· · ·

i_k∑

j=0 r_{ik ,j} e^{jz} = ∑ i_1 +···+i_k =n

r_{i1} (z)r_{i2} (z) · · · r_{ik} (z)

Hence, for every z ∈ C, the function s_n(z) is the k-th convolution of r_n(z) with itself and this proves the statement. �

Theorem 9 For any positive integer k and any primitive nondegenerate r ∈ R^{Rat}_+ ⟨⟨a, b⟩⟩ , let s be defined by s = r^k and let Y_n be the random variables counting the occurrences of a in the model defined by s . Then there exist two constants α and β , satisfying 0 < α and 0 < β < 1, such that

Y_n−βn √ αn converges in distribution to a normal random variable of mean value 0 and variance 1.

Proof. Let (ξ, μ, η) be a primitive linear representation of r . Define A = μ(a) , B = μ(b) and let λ be the Perron–Frobenius eigenvalue of the matrix M = A + B. By the results presented in [3, Section 4], we know that the equation det(uI − Ae^z − B) = 0 (14) implicitely defines a function u = u(z), non-null and analytic in a neighbourhood of z = 0, where it admits an expansion of the form u(z) = λ ( 1 + βz + α + β^2 2 z^2 + O(z^3) ) , (15) α and β being two constants such that 0 < α and 0 < β < 1. We recall that both α and β can be expressed as function of M and in particular of its eigenvectors.

By the definition of our stochastic model, Ψ_{Yn} (z) is given by

Ψ_{Yn} (z) = n∑ j=0 Pr{Y_n = j}e^{jz} = n∑ j=0 ( ∑ |w|=n,|w|_a=j (s, w) ∑ |w|=n(s, w)

e^{jz} ) = s_n(z) s_n(0)

hence the result follows by showing that Ψ_{Yn} (z) satisfies conditions C1 and C2 of Theorem 1.

By the analysis of the primitive case, we know [3, Equation (28)] that near the point (0, λ^{−1}) the function r(z, w) admits a Laurent expansion of the form

r(z, w) =

R(z) 1 − u(z)w

+ O(1)

where R(z) is a complex function, non-null and analytic at z = 0, and u(z) is defined in (14) and satisfies (15). By the previous Lemma, in the same neighbourhood, we have

s(z, w) = ( R(z) 1 − u(z)w

)_k + O ( 1 1 − u(z)w

)_{k−1}

and hence the associated sequence is of the form

s_n(z) = R(z)^k ( n + k − 1 k − 1 ) u(z)^n + O ( n^{k−2}u(z)^n ) . (16)

This proves that Ψ_{Yn} (z) in a neighbourhood of 0 has an expansion of the form

Ψ_{Yn} (z) = s_n(z) s_n(0) = ( R(z) R(0)

)_k · ( u(z) λ )_n · ( 1 + O(n^{−1}) )

and hence both conditions of Theorem 1 hold with μ = β and σ = α. �

Theorem 10 Under the hypotheses of Theorem 9, let (ξ, μ, η) be a primitive linear representation of r and let λ be the Perron–Frobenius eigenvalue of the matrix μ(a) + μ(b). Assume further that for every 0 < θ < 2π all eigenvalues of the matrix μ(a)e^{iθ} + μ(b) are in modulus smaller than λ. Then, as n grows to +∞ the relation √ αn · Pr{Y_n = j} = 1 √ 2π e^{− (j−βn)22αn} · (1 + o(1))

holds uniformly for every j = 0, 1, . . . , n, where α and β are defined as in Theorem 9.

Proof. To prove the statement, we simply have to show that condition C3 holds. Observe that, by (16), s_n(0) = Θ(n^{k−1}λ^n). Moreover, the generating function of r_n(iθ) is given by

r(iθ, w) = +∞∑ n=0 r_n(iθ)w^n = +∞∑ n=0 ξ^T (Ae^{iθ} + B)^nη w^n

= ξ^T [I − w(Ae^{iθ} + B)]^{−1}η = ξ^T Adj(I − w(Ae^{iθ} + B))η det(I − w(Ae^{iθ} + B)) By Lemma 8, this implies

s(iθ, w) = ( ξ^T Adj(I − w(Ae^{iθ} + B))η det(I − w(Ae^{iθ} + B))

)_k and hence all singularities of s (iθ, w) are inverses of eigenvalues of Ae^{iθ} + B. By the hypotheses, such eigenvalues are smaller than λ in modulus whenever 0 < θ < 2π . This means that, for every 0 < θ_0 < π , we can choose 0 < τ < λ such that |μ| ≤ τ for every eigenvalue μ of Ae^{iθ} + B and every θ_0 ≤ θ ≤ 2π − θ_0. Then, for any θ_0 ≤ θ ≤ 2π − θ_0, s (iθ, w) has no singularities for |w| ≤ τ^{−1} and hence, choosing the contour C = {w ∈ C | |w| = τ^{−1}}, by Cauchy’s integral formula we have

|s_n(iθ)| = | | | 1 2πi ∫ C s (iθ, w) w^{n+1} dw | | | ≤ M 2π ∫_{2π} 0 τ^{n+1}dt = O(τ^n)

where M = sup{| s (iθ, w) | |w| ≤ τ^{−1}, θ_0 ≤ θ ≤ 2π − θ_0} . This implies

|Ψ_{Yn} (iθ)| =

|s_n(iθ)| |s_n(0)| = O(τ^n) Θ(n^{k−1}λ^n)

= O(ρ^n)

for some 0 < ρ < 1 , which proves condition C3. � The previous result provides us an asymptotic evaluation for the maximum coefficients of formal series in commuting variables that are commutative image of powers of primitive rational formal series.

Corollary 11 Let r ∈ R^{Rat}_+ ⟨⟨a, b⟩⟩ satisfy the hypothesis of Theorem 10 and let k be a positive integer. Then the growth function of φ(r^k ) satisfies the relation g_{φ(r}k_)(n) = Θ(n^{k−(3/2)}λ^n) for some λ > 0.

Proof. Let r be defined as in Theorems 9 and 10 and let Y_n count the occurrences of a in the model defined by r^k . By (16) we have r^k_n(0) = Θ(n^{k−1}λ^n). Moreover, by the previous theorem, the set of probabilities {Pr(Y_n = j) | j = 0, 1, . . . , n} has the maximum at j = ⌊β/n⌋ , where it takes a value of the order Θ(n^{−1/2}). Hence, since Pr(Y_n = j) = r^k_{n,j} /r^k_n(0) , we have

g_{φ(r}k_)(n) = max{r^k_{n,j} | j = 0, 1, . . . , n} = Θ(n^{k−(3/2)}λ^n) . � Recalling that the sequence associated with the generating function (1 − λz)^{−k−1} is of the order Θ(n^kλ^n), we remark another typical behaviour of growth functions of series in R^{Rat}_+ [[a, b]] .

Corollary 12 For every integer k ≥ 1 , if s = φ(r^k ) for some primitive degenerate r ∈ R^{Rat}_+ ⟨⟨a, b⟩⟩, then g_s(n) = Θ(n^{k−1}λ^n) for some λ > 0.

6 Open problems

We conclude with a pair of, as far as we know, open problems on the tropical semiring T .

Problem 1. Prove or disprove that every rational formal series over free monoids with coefficients in the semiring T has a growth function of the order Θ(n^{1/k}) for some integer k > 0.

Problem 2. Does there exist an algorithm for computing the previous exponent?

References

[1] E. A. Bender. Central and local limit theorems applied to asymptotic enumeration. Journal of Combinatorial Theory, 15:91–111, 1973.

[2] J. Berstel and C. Reutenauer. Rational series and their languages, Springer-Verlag, New York - Heidelberg - Berlin, 1988.

[3] A. Bertoni, C. Choffrut, M. Goldwurm, and V. Lonati. On the number of occurrences of a symbol in words of regular languages. Theoretical Computer Science, 302(1-3):431–456, 2003.

[4] A. Bertoni, C. Choffrut, M. Goldwurm, and V. Lonati. Local limit distributions in pattern statistics:

beyond the Markovian models. Proceedings 21st S.T.A.C.S., V. Diekert and M. Habib editors, Lecture Notes in Computer Science, vol. n. 2996, Springer, 2004, 117–128.

[5] R.N. Bracewell. The Fourier transform and its applications, McGraw-Hill Book Company, 1986. [6] D. de Falco, M. Goldwurm, and V. Lonati. Frequency of symbol occurrences in simple non-primitive stochastic models. Proceedings 7th D.L.T. Conference, Z. Esik and Z. Fülop editors, Lecture Notes in Computer Science, vol. n. 2710, Springer, 2003, 242–253.

[7] P. Flajolet and R. Sedgewick. The average case analysis of algorithms: multivariate asymptotics and limit distributions. Rapport de recherche n. 3162, INRIA Rocquencourt, May 1997.

[8] B.V. Gnedenko. The theory of probability (translated by G. Yankovsky). Mir Publishers - Moscow, 1976.

[9] P. Henrici. Elements of numerical analysis, John Wiley, 1964.

[10] H.K. Hwang. Théorèmes limites pour les structures combinatoires et les fonctions arithmétiques.

Ph.D. Dissertation, École polytechnique, Palaiseau, France, 1994.

[11] W. Kuich. Finite automata and ambiguity. Technical Report n.253, I.I.G. University of Graz, 1988. [12] P. Nicodeme, B. Salvy, and P. Flajolet. Motif statistics. Theoretical Computer Science, 287(2):593– 617, 2002.

[13] J. Sakarovitch. Eléments de théorie des automates, Vuibert Informatique, 2003. [14] A. Salomaa and M. Soittola. Automata-Theoretic Aspects of Formal Power Series, Springer-Verlag, 1978.

[15] M.-P. Schützenberger. Sur les relations rationnelles fonctionnelles entre monoïdes libres. Theoretical Computer Science, 9:243–259, 1976.

[16] M.-P. Schützenberger. Finite counting automata. Information and Control, 5:91–107, 1962. [17] E. Seneta. Non-negative matrices and Markov chains, Springer–Verlag, New York Heidelberg Berlin, 1981.

[18] I. Simon. The nondeterministic complexity of a finite automaton. in Mots, M. Lothaire editor, Lecture Notes in Mathematics, Hermes, Paris, 1990, 384–400.

[19] A. Weber. On the valuedness of finite transducers. Acta Informatica, 27:749–780, 1990. [20] A. Weber and H. Seidl. On the degree of ambiguity of finite automata. Theoretical Computer Science, 88:325–349, 1991.

[21] K. Wich. Exponential ambiguity of context-free grammars. In Proceedings of the 4th DLT, G. Rozenberg and W. Thomas editors. World Scientific, Singapore, 2000, 125–138.

[22] K. Wich. Sublinear ambiguity. In Proceedings of the 25th MFCS, M. Nielsen and B. Rovan editors.

Lecture Notes in Computer Science, vol. n.1893, Springer-Verlag, 2000, 690–698. [23] K. Wich. Characterization of Context-free languages with polynomially bounded ambiguity. In Proceedings ICALP’2002, Lecture Notes in Computer Science, vol. n.2380, Springer-Verlag, 2001, 669– 680.